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PREFACE 



The prominence which the modern geometrical methods 
hare recently acquired in the studies of the University of 
Cambridge, appears to justify the publication of a treatise 
devoted exclusively to these branches of Mathematics. 
This remark applies more especially to the method of 
Trilinear Co-ordinates, which forms the subject of the 
greater part of the following work. My object in writing 
on this subject has mainly been to place it on a basis 
altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged 
Notation. 

A desire not unduly to increase the size of the book 
has prevented me from proceeding beyond Curves of the 
Second Degree. 



Vi PREFACE. 

In this Second Edition several new articles have been 
added, especially in the latter part of the work, and tl^e 
chapter on Reciprocal Polars considerably enlarged 

K M. F. 

GONTELLE AND CaIUS COLLEGE, 

August, 1866. 



In the Third Edition, I have re^nitten some articles 
where the demonstrations were imperfect or obscure, and 
have added some examples^ taken from various Cambridge 
Examination papers. ' 

Decekbeb, 1875. 




CONTENTS. 



CHAPTER I. 

TRILINEAB GO-OBDINATES. EQUATION OF A STRAIGHT LINE. 

AUTS. PAOB 

1. Definition of Trilinear Co-ordinates 1 

2. Identical relation between the Trilinear Co-ordinates of a Point ih, 

3. Distance between two given Points 4 

4 — 6. Inyestigation of Equations of certain Straight Lines 6 

7. Every Strai^t Line may be represented by an Equation of the 

First Degree 9 

8. Every Equation of the First Degree represents a Straight Line 11 

9. Point of Intersection of Two Straight Lines .... 12 

10. Equation of a Straight Line passing throngh Two given Points . ib, 

11. Equation of a Straight Line- passing through the Point of Inter- 

section of Two given Straight Lines 13 

12. Condition that Three Points may lie in the same Strai^t Line ib, 

13. Condition that Three Straight Lines may intersect in a Point • 14 

14. Condition that Two Straight Lines may be parallel to one 

another. Line at Infinity {&. 

15. Equation of a Straight Line, drawn through a given Point, 

parallel to a given Straight Line 17 

16. Inclination of a Straight Line to a side of the Triangle of Befer- 

ence .18 

17. Condition of Perpendicularity 19 

18. Distance from a Point to a Straight Line 20 

Examples 21 

19. Anhabmonio Batio. Definitions 23 

20. The Anharmonio Batio of a Pencil is equal to that of the range 

in which it is cut by any Transversal ib, 

21. Definition of an Harmonic Pencil . . .25 



• • • 



Vm CONTENTS. 

ASTS« PAGE 

22. The Bisectors of any Angle form, with the Lines containing it, 

an Harmonic Pencil 25 

28. Anharmonic Batio of a given Pencil 26 

24. Fourth Harmonic to Three given Straight Lines . .27 

25. Harmonic Belation of Points and Lines 29 

26. On Inyolution. Definitions 30 

27 — ^29. Anharmonic Properties of Points and Lines in LiYolution .31 



CHAPTER n. 

SPECIAL FOBMS OP THE EQUATION OF THE SECOND DEGREE. 

1. Every Eqnation'of the Second Degree represents a Conic Sec- 
tion 33 

2, 3. Equation of the Conic described about the Triangle of Befer- 

ence 34 

4. Position of the Centre. Condition for a Parabola . . .35 

5. Condition of Tangency. Every Parabola touches the Line at 

. Infinity 37 

6. Equation of the Circumscribing Circle %b, 

7. Equation of the Conic touching the Three Sides of the Tri- 

. angle of Beference 39 

8. Position of the Centre. Condition for a Parabola . . . 40 

9. Condition pf Tangency . . • • . • . .42 
10. Equations of the Four Circles which touch the Three Sides of 

the Triangle of Beference • 43 

11— ;15. Equation involying the Squares only of the Variables . . 45 

16. Condition of Tangency 48 

17. Condition for a Parabola 49 

18. Co-ordinates of the Centre • ih. 

19. Equation of the Circle, with respect to which the Triangle 

of Beference is self-conjugate ••«... 51 
20^ Equation of the Conic which touches two sides of the Triangle 

of Beference in the points where they meet the third . . 52 
21. Any Chord of a Conic is divided harmonically hj the Conic, 

any Point, and its Polar 53 

23. Equation of a Line joining Two given Points . . . ib. 

24. Equation of the Tangent at a given Point . . . .54 

25. Pole of a given Straight Line • ib. 

26. Condition of Tangency. Condition for a Parabola . . ib, 

27. Co-ordinates of the Centre 55 

Examples . . . • 56 



CONTENTS* IX 



CHAPTER III. 
XLIMIXATION BETWEEN LINEAR EQUATIONS. 

2. Definition of a Deierminant « 69 

8 — 6. Law of Formation of Detenninants 60 

7. Signs of the several Terms of a Determinant • • . 66 

8. * Sign ehanged by interchange of Two Gonseoatiye Lines or Go* 

hunns « 66 

9. Mnltiplieation of a Determinant by a given Quantity • . 67 

10. ICinors of a Determinant •.«•.•• 68 

11. Condition that a Quadratic Fnnction may be resolvable into 

Two Factors {6. 

12, 13. PaseaVi Theorem 69 

EXAMFLXS • . • • 71 



CHAPTER IV. 

ON THE CONIC BEPRESE^TTED BT THE GENEBAL EQUATION OF THE 

8EC0ND DEGBEE. 

2. To find the point in which a straight line, drawn in a given 
direction through a given point of the conic, meets the conic 

again • . . 74 

8. Equation of the Tangent at a given Point .... 76 

4, 6. Condition that a given Straight Line may touch the Conic . 76 

6. Condition for a Parabola 78 

7* Condition that the Conic may break up into Two Straight 

Lines • . • ... . . , ih, 

8. Equation of the Polar of a given Point t6. 

9. Co-ordinates of the Pole of a given Straight Line • . • 79 

10. Equation of the pair of Tangents drawn to the Conic from a 

given external Point 80 

11. Co-ordinates of the Centre 82 

12. Equation of the Asymptotes 88 

13. Condition for a Bectangular Hyperbola 84 

14. Conditions for a Chrole *.-..* 86 



K CONTENTS; 

ABTS. PAGE 

15. All Circles pass through the same two points at infinity . 88 

16. All Conies, similar and similarly situated to each other, in- 

tersect in the same two points in the line at infinity . . 89 

17. Badical axis of two similar and similarly situated Conies . ib. 

18. Property of the nine-point Circle , 91 

19. Equation of the nine-point Circle 92 

20. Locus of the intersection of two Tangents at right angles to 

one another. Directrix of a Parabola . • . . . 93 

21. To find the magnitudes of the axes of the Conic . . .94 

22. To find the area of the Conic. Criterion to distinguish be- 

tween an Ellipse and an Hyperbola . . . . . 97 
ExAMPliES . . .98 



CHAPTER V. 

TRIANGULAR CO-ORDINATES. 

1. Definition of the Triangular Co-ordinates of a Point . . 100 

2. Formulae relating to Straight Lines ib. 

3. Formulas relating to Conies « 102 



CHAPTER VI. 

^ RECIPROCAL POLARS. 

3. Definition of a Polar Beciprocal .... . . . 105 

5. The degree of a curve is the same as the class of its reciprocal, 

and vice versd 106 

6, 7. The polar reciprocal of a conic is a conic .... 107 
8. Equation of the Polar Beciprocal of one Conic with regard to 

another ib, 

10. Listances of Transformation 109 

12. BrianchorCs Theorem 112 

13. The anharmonic ratio of the Pencil,, formed by four intersect- 

ing straight lines, is the same as that of the range formed 

by their poles 113 

15. Any straight line drawn through a given point A is divided 
harmonically by any Conic Section and the polar of A with 
respect to it • • . . . , , » . 115 



CONTENTS. XI 

JIBTS. PAOB 

17. If fonr straight lines form an harmonio pencil, either |>air 

will be its own polar reciprocal with respect to the other . • 116 

18* Condition that two pairs of straight lines may form an har- • 

monic pencil • • . -. *. . . • . i6. 

20. Beoiprocation with respect to a Circle 118 

23. Reciprocation with respect to a Point 119 

24. The three circles described on the diagonals of a complete 

qnadrilateral as diameters have a common radical axis . ib. 

Foci of a qnadrilateral . ^ ib» 

25. Orthocentre of a triangle 120 

28. The director circles of all conies which touch four given straight 

lines have a common raldical axis • . . « . 121 

29. Polar reciprocal of a Cirde with regard to any point • . ib» 
80« Instances of Transformation of Theorems by Beciprocation 

with respect to a point . ^ 123 

81. Corresponding Points and Lines. The angle between the 
radios vector and tangent in any curve is equal to the cor- 
responding angle in the Keciprocal Curve . . . 125 
33. Co-ordinates of the foci of a Conic . . » » . . 126 
8i, Double application of the Method of Beciprocal Polars . . 128 

EZAXPLBS ..•...••.{&• 



CHAPTER TLL 

TAKQEirriAL CO-OBDIKATEfl; 

1. Definition of the Tangential Coordinates of a Straight Line . 131 

2. Interpretation of the Negative Sign. Equations of certain 

points , • # ih» 

3. General Equation of a Point ....... 183 

4. Identical relation between the co-ordinates of any straight Line 134 

6. An equation of the nth degree represents a curve of the nth 

dass • • • • 136 

7. Equation of a Conic, touching the three sides of the triangle of 

reference tb» 

8. Equation of circumscribed Conic • • • . • • 138 

9. Equation of the Pole of a given straight line, and of the centre. 

Condition for a Parabola 1B9 

10* • Circular points at infinity ib* 

Conditions for a Circle 140 

11. * Self-conjugate Conic *.*.•-. . . • . 141 



Xll CONTENTS. 

ABT8. PAGE 

Examples 141 

12, Tangential rectangular Co-ordinates 142 

16, Tangential polar Co-ordinates • 144 

Examples • » • 145 



CHAPTER Vin. 

ON THE INTERSECTION OP CONICS, AND ON PROJECTIONS. . 

1 — 3. Any two oonics intersect in four points, real or imaginary. 

Vertices of the quadrangle formed by these points . . 146 

4 — 7. If the four points of intersection be all real, or all imaginary, • 
all the vertices are real. If two of the points of inter- 
section be real, and two imaginary, one vertex only is real. 
If the four points of intersection be all real, all the common 
chords are real ; if not, one pair only is real , . . 147 

8. Invariants of two Oonics loO 

On Projections. 

9. Definition of Projections 152 

10. Projection to infinity ih, 

13. Any quadrilateral may be projected, in an infinite number of 

ways, into a parallelogram, of which the angles are of any 

magnitude 1^3 

. 14. Projection of Tangents, of Poles, and Polars . . . , ih, 
' 15. Any two conies may be projected into concentric curves . .154 

16. Also into similar and Similarly situated curves . . . ' ih, 

17. ' These projections may be effected in an infinite number of ways ih, 

18. Any two intersecting conies iHay be projected into hyperbolas 

of any assigned eccentricity , ih, 

19. Any Uvo conies may he projected into conies of any eccentricity, 

&r intd circles ', \ '. '.,',,,, 

20. Projection of the foci and directrices of a Conic 
' 21* ' The anharmonic ratio at any pencU or 'range is unaltered by 

]5rojection '. '. ' 

22» ' Any two lines, which make an angle A with each other, form 
with the lines joining the drcular points at infinity to their 
point of intersection, a pencil of which the anharmonic ratio 

isc(»-2^)^^l , , , . 167 



155 
ih, 

156 



• •• 



CONTENTS. xm 

ABT8. PAOl 

23. The anharmonio ratio of any four points on, or any four tan- 
gents to, a conie, ia constant • 159 

25. Any system of points in involution projects into a system in 

involution, and the foci of one system project into the fod 

of the other ib, 

26. A system of Conies, passing through four given points, out any 

straight line in a system of* points in involution. , , 159 

27. Orthogonal Projection ib. 

. EXAXFLSS > > 160 



CHAPTER IX 

MISCELLANEOUS PROPOSITIONS. 

ON THE DETERMINATION OF A CONIO FROM FIVE GIVEN GEOMETRICAL 

CONDITIONS. 

2. If five points be given, one conic only can be drawn . . 162 

3. If four points and one tangent be given, two conies can be 

drawn ...••..... ib, 

4. If three points and two tangents be given, four conies can be 

drawn 168 

5. If two points and three tangents be given, four conies can be 

drawn ib, 

6. If one point and four tangents be given, two conies can be 

drawn , 164 

7. If five tangents be given, one conic only can be drawn . . ib, 

8. Beduction of certain other conditions to these . . . ib, 

9. Conjugate triad 16^ 



ON THE LOCUS OF THE CENTRE OF A SYSTEM OF CONICS WHIC9 

SATISFY FOUR CONDITIONS, 

11. Four points given ......... 165 

12. Three points and a tangent 167 

13. Two points and two tangents ,168 

14. One point and three tangents 169 

15. Pour tangents ##•*»»•#» 171 



XIV CONTENTS.^ 



8UPPLEMENTAB7 PROBLEMS. 

ABTS. PAGE 

}6. . Theprodnct of any two detenninants is .a determinant . .171 

17. Property of the co-ordinates of three points, forming a con- . 

jugate triad •••.••,•• 173 

18. Envelope of a side of an inscribed triangle whose other sides 

pass each through a fixed point'^. • ^ • • • 174 

19. liocus of a vertex of a circumscribed triangle, whose other ver- 

tices move each along a fixed straight line «... 176 

20. Trilinear co-ordinates of the Foci 177 

Miscellaneous Ezakples . 179 



TRIUNEAK CO-ORDINATES. 

CHAPTER I. 

TRILINEAB 00-ORDINATES. EQUATION OF A STRAIGHT LINE. 

1. In the system of co-ordinates ordinarily used, the 
position of a point in a plane is determined by means of its 
distances from two given straight lines. In the system of 
which we are about to treat, the position of a point in a 
plane will be determined by the ratios of its distances from 
three given straight lines in that plane, these straight lines 
not passing through the same point. The triangle formed 
by these three straight lines is called the triangle ^ reference, 
its sides, lines of reference, and the distances of a point from 
its three sides will be called the trilinear co-ordinates of that 
point. We shall usually denote the angular points of the 
triangle of reference by the letters A, B, C, the lengths of the 
sides respectively opposite to them by a, b, c, and the dis- 
tances of any point from BC, CA, AB respectively by the 
letters a, /8, 7. 

When two points lie on opposite sides of a line of re- 
ference, the distance of one of these points from that line may 
be considered as positive, and that of the other as negative. 
We shall consider a, the distance of a point from the line BC, 
as positive if the point lie on the same side of that line as the 
point A does, negative if on the other side; and similarly for 
fi and 7. It thus appears that the trilinear co-ordinates of 
any point within the triangle of reference are all positive ; 
while no point has all its co-ordinates negative. 

2. Between the trilinear co-ordinates of any point an 
important relation exists, which we proceed to investigate. 

If A denote the area of the triangle of reference, a, ^, 7, 
the trilinear co-ordinates of any point, then 

aa + bl3 + cy=2A. 
Let P be the given point, and first suppose it to lie within 
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the triangle of reference (fig. 1). Join PA, PB, PC, and 
draw PD perpendicular to BG. Then PD = a, and aa = twice 
the area of the triangle PBC, 

Fig. I. 




Similarly h^ = twice the area of PGA, 

cy = twice the area of PAB, 

Adding these equations, we get 

aa + 6^ + C7 = 2A. 

Next, suppose P to lie between AB, A G produced, and on 
the side of BG remote from A (fig. 2). Then a will be 

Fig. 2. 
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negative, while /8,7axe positive. Hence, twice the area PBG 
will be represented by — aa, and we shall therefore have as 
before 

Thirdly, let P lie between AB^ AC, produced backwards 
(fig. 3), so that ^, 7 are negative while a is positive. Twice 

Fig.3- 




the areas of PB(7, PGAy PAB, are now represented by 
aa, — 6^, — C7 respectively, so that we still have 

aa+6/8 + cy = 2A. 
In all cases, therefore, 

The importance of the above proposition arises from its 
enabling us to express any equation in a form homogeneous 
with respect to the trilinear co-ordinates of any point to 
which it relates. Any locus may be represented, as in the 
ordinary system, by means of a relation between two co- 
ordinates, J8 and 7 lor example, and this may be made homo- 
geneous in a, /8^ 7 by multiplying each term by — — Jt » 
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raised to a suitable power. Thus, the equation /S* + A7 + /c'= 
is equivalent to the homogeneous equation 

4A"y8' + 2 AA7 (aa +bl3 + cy) +k^ (aa + 5/3 + cyY = 0. 

The following examples may familiarize the reader with 
this system of co-ordinates. 

1. Prove that the co-ordinates of the middle point of the 

line BC are 0, -r- , - , 

be 

2. The co-ordinates of the centre of the circumscribed circle 
are EcoaAj E cos -5, E cos C, where 

2A 



E = 



a cos -4 + 6 cos -5 + c cos (7 . 



3. The co-ordinates of the centre of the inscribed circle are 

2A 

each equal to i , 

^ a+b+c 

What are the co-ordinates of the centres of the escribed 
circles ] 

4. The co-ordinates of the centre of gravity are 

2A 2A 2A 
3^' 3b' 3c ' 

5. Prove that asin-4+)8sin-5 + ysin(7 is equal to j. ; 
where E is the radius of the circumscribing circle. 

3. To find the distance between two given points, in terms 
of their trilinear co-ordinates. 

Let ttj, /8j, 7/, a^, fi^ 7^, be the co-ordinates of two given 
points, r the distance between them. 

Then, r* will be a rational integral function of a^ — a^, 
A *" ^» 7i ""7a» ^^ ^^ second degree*. 

* This, if Dot self-evident, may be proved as follows : 

^j Q le the two given (Oints. Join PQ, and draw PM, QM' perper- 




DISTANCE BETWEEN TWO POINTS. 



Again, since 

a\ + 6)9, + C7, = 2 A, 

oa, + 6;9, + 07, = 2 A ; 
.-. a(aj-aO+608,-/3^ + c(7.-7,) = O; 

.-. K-«.)* = -|(7.-7j(«.-«.)-^(^-a.)03.-/8.\ 

Similar expressions may be found for (/8, — ^SJ', (7, — 7j)'. 

Hence, r* will be of the form 
^(/3i-^,)(7x-7,)+^(7i-7.)(«i-««)+w(Qt,-a.)(^,-^,), 

dicular Xo AB, PN, Q.T io AC Draw Qm perpendicular to Pif, Qw to PA^ 
and join van. Then 

sin mPn 

_ mw 
""sin Jl * 

and Pn=pi'P^ ^fl*=7i-7j; 
Fig. 4- 




.-. mn^ = (i3i - A)« + (7i - 7.)' + 2 (A - ft) (7i - 7.) cos A, 

whence ,»=(ft-ft)'+(^i-^»)'^^(ft-ft)(^i-^«><^^^^ 

8in'^ 

a rational integral function of the second degree. 
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where I, m, n are certain functions of a, h, c, which we pro- 
ceed to determine. 

Since the values of I, m, n are independent of the positions 
of the points, the distance of which we wish to find, sup- 
pose these points to be B and (7. Then 

^ 2A 

«2 = 0, ^^=0, 7,= — ; 

also r = a. Hence 

, ,2A 2A 

o c 

*'• ^^ 4A*' 

aVc 



Similarly m = — 



w = — 



4A'" 

cAc* 

4A^- 



Hence r« = - _, {« (/3, _ ^^ (^^ - 7,) + 5 (7, - 7.) («, - ««) 

+ c (a, -a^ 08,-/9^}. 

This is one form of the expression for r*. It may also 
he proved in a similar manner that 

4. 'We next proceed to investigate the equation of a 
straight line; and first, we shall consider the cases of certain 
straight lines bearing important relations to the triangle of 
reference. 

To find the equation of ike straight line drawn through 
one of the angular points of the triangle of reference, so as 
to bisect the opposite side. 

Let D be the middle point of the side BC, we have then 
to investigate the equation of the straight line AD. 
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In AD take any point P, and let a, )9, 7 be its co-ordi- 




nates. From D, P draw DE, PO perpendicular to J (7, DF, 
PH perpendicular to AB, Then by similar triangles 

PG : DE :: PH : DF. 
But DE.AC^DF.AB, 

for each is equal to the area of the triangle ABC. 

Hence PG.AC^ PH. AB, 

or bfi = cy. 

This is a relation between the co-ordinates of any point 
on the line AD, it therefore is the equation of that line. 

Cor. It hence may be proved that the three straight 
lines, drawn through the angular points of a triangle to bisect 
the opposite sides, intersect in a point. For these straight 
lines will be represented by the equations 

6)9 = 07, 

cy = aa, 

a2 = b^, 

and, therefore, all pass through the point for wbicli 

oa = i)8 = cy. 
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In the next three propositions the reader will easily be 
able to draw a figure for himself, by comparison with fig. 5. 

5. To find the equation of the straight line drawn through 
one of the angular points of the triangle of reference j perpen- 
dicular to the opposite side. 

Making a construction similar to that in the last proposi- 
tion, it will be seen that we have here 

-j-r, = sin DAE= cos C, 
AD 

--rjT = sin DAF= cos B ; 
AD ' 

DE DF 



Hence 



cos C cosJB* 
PG PH 



cos t7 cos jB ' 

/. PG cos B = PHcoB C, 

or l3co8B = ycos C. 

This will be the equation of the Straight line, drawn 
through A, at right angles to BC. 

Cor. It may hence be shewn that the three straight 
lines drawn through the angular points of a triangle, perpen- 
dicular to the opposite sides, intersect in the point determined 
by the equations 

a cos -4 = ^ cos 5= 7COS C, 

6. To find the equations of the internal and external 
bisectors of an angle of the triangle of reference. 

For the internal bisector of the angle A, we shall have, 
making the same construction as before, 

PG = PH. 

The straight line will be therefore represented by the 
equation ^ = 7. 
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For the external bisector we proceed as follows. Let Q 
be any point on the line, a, /8, 7 its co-ordinates. Draw QK 
perpendicular to AC, QL \Jb AB, Then, as before, we have 

It will however be observed, that if Q and B lie on the 
same side oi AC, Q and C will lie on opposite sides of AB, 
and vice verscL Hence, if 

We have therefore 

/8 + 7 = 

as the equation of the line AQ, which externally bisects the 
angle A. 

From the form of these equations we see, (1), That the 
three internal bisectors of the angles of a triangle intersect 
in a point; (2), That the internal bisector of any one angle, 
and the external bisectors of the other two, also intersect in 
a point. 

These points may be shewn to be respectively the centres 
of the inscribed and escribed circles. 

We shall hereafter prove that the points, in which the 
external bisectors of each angle respectively intersect the 
sides opposite to them, lie in the same straight line; and 
also that the points in which the external bisector of any 
one angle, and the internal bisectors of the other two angles, 
intersect the sides respectively opposite to them, lie in the 
same straight line. 

7. We now proceed to investigate the general equation 
of a straight line. 

Every straight line may be represented by an equation of 
tike first degree. 

Let Q be any point on the straight line ACyRonAB^ 
and P any point on the straight line QR, then we have to 
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investigate the relation between the co-ordinates (2, /9, 7) of 
the point P, 

Fig. 6. 




The property of the straight line, which we shall make 
the basfs of our investigation, is, that it is the locus of a 
point which moves in such a manner, that the sum of the 
areas of the triangles PAQ, PAR is constant. 

Let AQ^q, AR^r^ then the areas of the triangles 
PAQ, PAR will be respectively represented by ^q^, fry, 

and the area of QAR by ^ A. 

Hence j/S + ry = -~- A 

= g(aa + 6^ + ay). 

This is the equation of the straight line QR, and, since it 
involves the two arbitrary quantities q, r, it is in the most 
general form of the equation of the first degree between two 
variables. Putting 

gra , or qr 

the equation may be written 

la + m^ + ny = 0. 
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8. We shall next establish the converse proposition, that 
e:o€Ty equation of the first degree represents a straight line. 

Fig. 7. 




Let 



Za + Wi8+M7=0 



be the general equation of the first degree, and let fg^h 
be the co-ordinates of any fixed point D on the locus of the 
equation, a, /8, 7 those of any point P. 

Draw DE, PM perpendicular to AC, DF, P^ perpendi- 
cular to -4 P. Also draw Piw, Duy perpendicular respectively 

toPjf,Piv; 

Then Pm = /9-5r, Pn = y-h. 
Also, since/, ^r, A is a point on the locus, 

lf-\- mg + ?iA = 0, 
whence Z(a-/) +m()8-5r) + w (7-A) =0. 
Agam, oa + J/S + C7 = 2 A, 

of-¥ Jg^ + cA = 2A ; 
.•.a(a-/)+6(i9-flr)+c(y-A)=0; 

... ^"f ^ ^"3 ^_rz_^. 

hn — cm cl-- an am — bl * 



12 TRILINEAR CO-ORDINATES. 

Hence, the rS-tio of Pm to Pn is constant, whatever point 
on the locus P may represent. This can only be true when 
that locus is a straight line. 

9. To find the co-ordinates of the point of intersection of 
two given straight lines. 

Let the equations of the two straight lines be 

Za + m/S 4- n7 = 0, 

Where these intersect, we have 

g ^ ^ ^ 7 

mn — m'n nl — n'l Im —I'm' 

These equations, combined with 

give the values of a, /3, y, at the point of intersection. 

10. To find the equation of the straight line, parsing 
through two given points. 

I^^ty> g> h ; /', g\ h\ be the co-ordinates of the two given 
points, and suppose the equation of the required straight 
line to be 

We must then have 

Lf+Mg-{-Nh==0, 

Lf + Mg' + Nh' = 0; 

whence 

L M N 



gh'-g'h hf-hf fg'-fg' 
giving, as the equation of the required line, 

(gW - g'h) a + {hf - h'j) j8 + ifg' -f'g) 7 = 0. 
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11. To find the general equation of a straight line, pass- 
ing through the point of intersection of two given straight lines. 

If the equations of the straight lines be 

h + mfi + ny = 0, 
ta + mfi + ny=0, 

every straight line, passing through their point of intersection, 
may be represented by an equation of the form 

la + nt/S + ny = k{ta + mffi + n'y) , 

where A; is an arbitrary constant. For this equation is satis- 
fied when the equations of the given straight lines are both 
satisfied, and, being of the first degree, it represents a straight 
line. It is therefore the equation of a straight line passing 
through their point of intersection. 

12. To find the condition that three points may lie in the 
same straight line. 

Let ffj, ^j, 7i ; a,, ^,, 7, ; 0^, ^„ 7,, be the co-ordinates 
of the three given points, then, if these points lie in the same 
straight line, suppose the equation of that line to be 

Xa + /A)8 + 17 = 0. 
Then X, /i, v must satisfy the following equations : 

Xa,+ /i/3a + n'8=0, 
whence, eliminating \, fi, v, by cross multiplication, 

the required condition. 
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13. To find the condition that three straight lines may 
intersect in a point 

Let the equations of the straight lines be 

IjOL + mfi + n^7 = 0, 
Iji + mfi + njy = 0, 
l^OL + m^ + w,7 = 0. 

If these three straight lines intersect in a point, the above 
three equations must be satisfied by the same values of 
a, /8, 7. This gives, eliminating a, /8, 7 by cross-multipli- 
cation, 

h^i^z - l^rn^ri^ + krnjfi^ - Ijfnjt^ + ?,m,7i, - lJ,mJ^^ ^ 0, 

the required condition. 

The identity of form between the conditions that tliree straight 
lines should intersect in a point, and that three points should lie 
in a straight line, is worthy of notice. Its full geometrical mean- 
ing will be seen hereafter. 

"We shall sometimes, in future investigations, speak of the 
straight line represented by the equation la + mfi + Tiy = 0, as the 
straight line (I, m, n). Adopting this phraseology, it will be seen 
that the condition that the three points {\, m^, Dj) (1^, m^, n^) 
(I3, m,, Ug) should lie in the sa/me straight line, is tlie same as tlie 
condition that the three straight lines (1,, m^, n^) (1^^, m^, nj 
(1„ mg, n^) should intersect in a point 

14. To find the condition that two straight Unes may be 
parallel to one another. 

Let the equations of the two straight lines be 

h + ml3 + n^ = (1), 

Za+m'/3 + n7 = (2). 

Let (f, g, h) {x, 13, 7) be the co-ordinates of any two points 
in (1), 

(/'. ff'> h') («', /8', 7') be the co-ordinates of any two points 
in (2). 
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Then the condition of parallelism requires that 
Also, recurring to the investigation of Art. (8), fig. 7, 

g"/ ^ P-g ^ jy_z} 

bn — cm cl — an am — bl * 

hn — cw cC — an om' — bt * 
Hence, the required condition of parallelism is 
In — cm cl'-an am-^bl 



hi — crn cC — an am' — bl 



(3). 



These two equations are equivalent to one only, since they 
may be written in the form 

n m I n m I 

c 6 _ a c __ 6 a 

n m c n m C 

c b a c b a 

where it will be seen that the equality of any two members 
implies that the third is equal to either of them. 

Multipljdng the numerators and denominators of the 
several members of (3) by l', m\ ri and adding, we obtain 
the condition under the form 

{mn—m'n)a+{nr'-nl) b + [Im' — Tm) c = (4). 

This is the necessary condition of parallelism, and is 
generally the most convenient form which can be employed. 
It is equivalent to 

(win' — m'n) sin A + {nV — n'l) sin B + Qm — fm) sin (7=0, 

a form which we shall occasionally use. 

It will be observed that this condition is the same in 
f ^nn as that which results from the elimination of a, /8, 7 be- 
tween the equations 
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la 4- in/3 4- tiy = 0, 
I'a + m/S + ny = 0, 
aa + i/3 + cy = 0. 

The last of these is, as we know, an equation which 
cannot be satisfied by any values of a, /8, 7, since, as we have 
already proved (Art. 2), aa + J/8 + cy = 2A. Hence the equa- 
tion (4) may be looked upon as an expression of the fact that 
the two equations 

la + mfi + nry = 0, 

loL -h m'fi + ny = 0, 

cannot be simultaneously satisfied by any values of a, /S, 7, 
or, in other words, that the two straight lines represented by 
them do not intersect, which is known to be a necessary con- 
dition of their parallelism, and also a sufficient condition, since 
the two straight lines are in the same plane. 

Although, however, no values of a, )S, 7 exist which will 
satisfy the equation oa + 6^ + 07 = 0, yet we can always satisfy 
the equation la + m/8 + W7 = 0, where the ratios I :m '.n ap- 
proach as nearly as we please to the ratios a :b \ c. 

By referring to the investigation of Art. (7) it will bq 
seen that, q, r, denoting the distances from A, of the points 
in which the straight line {I, m, n) cuts AC, AB respectively, 



whence 



or 



be 


"' c 


--1 


= 7t 


*' b 


— r 


b^ 

a 


he 
ar 


m 
~ I' 


C 
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be 
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am 
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b 
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It hence appears, that by making the ratios I : m : n suf- 
ficiently nearly equal to the ratios a : b : c, the values of q 
and r may be made as great as we please, in other words, 
that the straight line (I, m, n) may be removed as far as we 
please from the triangle of reference. The limiting position. 
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therefore, to which the straight line (1, m, n) continuaUy ap- 
proaches, and with which it ultimately coincides^ when the 
ratios 1 : m : n continiuiUy approach to, and ultimately co- 
incide with, the ratios a : b : c, is a straight line altogether 
at an infinite distance. 

This is often expressed by saying that the equation 

aa + J)8 + 07 = 0, 

or the equivalent equation 

asin^ 4-)8sin-B4-7sin (7=0, 

represents ihe straight line at infinity. 

This phraseology is very convenient, and free from objec- 
tion, if the conventions on which it is adopted be clearly un- 
derstood. It is, however, desirable that attention should be 
called to the fact^ that the equation 

is, in itself, impossible, — in fact, a contradiction in terms, — 
and can only be admitted as a limiting form to which possi- 
ble equations may continually tend. 

15. To find the equation of a straight line, drawn through 
a given point, parallel to a given straight line. 

Let (Z, m, n) be the given straight line, (/, g, h) the given 
point, then the equation of the required straight line wiU be 

li + mff 4- n7 _ gg + fe;9 + 07 
lf'\- rag + nh af+ bg + ch* 

For this straight line passes through the point (/ g, h), and 
does not intersect the straight line (Z, m, n) ; since, if it did, 
we should have oa + 6)8 + cy = 0. 

Since of -h Jy + cA = 2 A, this equation may also be written 
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Cor. The general equation of a straight line parallel to 
(?, m, n) is 

where k is an arbitrary constant 

16. To find the inclinations of a straight line, drawn 
through one of the angular points of the triangle of reference, 
to the sides which intersect in that point 

Let the equation of the straight line AP be 

Fig. 8. 




and let be its inclination to AD, the internal bisector of 
the angle A. 

'A 



Then 



Hi-')'' ' 



2 ^ ^l^H: 



whence 



tan _fi^ V ^ 

. A" fi-^-v' 
tan- 
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A 
/i + v' "*" T 



p + ficoaA' 
A\ V sia ^ 



SimUarly. 1011(^—2) = -^ 



J/ COS -4 * 



Hence, the inclinations of the given straight line to AB, AC, 
are determined. 

17. To find Ihe condition that two given straight lines 
Tnay he perpendicular to one another. 

Let {I, m, n), (?, m', n ) be the two given straight lines. 
Through A draw two straight lines parallel to them. These 
will be represented by the equations 

(ma --lb) 13 + (na — fc) 7 = 0, 

(ma - Vb)fi+ (na-tc)y = 0. 

And these straight lines must be at right angles to one 
another. 

If ^, ^ be the respective inclinations of these straight 
lines to the internal bisector of the angle -4, then, by the 
result of the last article, 

^gjk-na)-pa-l^ A 
(Ic — na) + (ma — lb) 2 

(Ic — naj + ^ma—cb) 2 
And, if these be at right angles to one another, 

l + tan^tan^ = 0. 

Hence 

(fc — na) {Vc — n'a) + {ma — lb) {m'a — tb) 

+ {(Ic-na) (m'a-Tb) + (ma-W) (fc- w'a)} cos ^ = ; 
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— (mn + m'w) a" cos A — {nV + n'T) {ac — ah cos -4) 

— {Im* + Z'm) (aJ — ac cos -^) = 0, 

which, since J* + c' — 2 Jc cos A = d^, c — 6 cos J. = a cos -B, 
J — c cos -4 = a cos (7, reduces to 

ZZ'+mm'+nn--(?wn'+m'w)cos-4--(nr+nZ)cosB— (?m'+Z'm)cos(7=0, 

the required condition. 

18. To firvd the perpendicular distance from a given point 
to a given straight line. 

Let (/, gy h) be the given point, (I, ?w, n) the given straight 
line. Then, if q and r be the distance from A, of the points 
where this straight line meets A C, AB, respectively, we have 
shewn (Art. 7) that 

1 __ 1 na 
q^b^Wc' 

1 _1 ma 

r" c Ibc' 

Now, let d denote the distance from (/, g, h) to {ly^m, n). 
Then 

(g'^ + r^ - 2jr cos u4)} a' + gjr + rA = |- (a/+ ftj' + cA), 

or (^ 1 ^ 2cos^ \i^,_ a/+^^ + cA g h 
\^ 7^ qr J be r q 

And from the values of q and r 

1 cos^ 1 cos -4 , ..a 

= _ (n — m cos A) y, - 

q r o c ^ ^ Ibc 

_ a(?cos^4-mcos.i4 --TO) 
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o. ., 1 1 COS .4 a(lcos G+ncosA — m) 
Similarly --— =-^ j^ 5 

1,1 2 COS A { O, n \n ». A \ 

^ r qr [rbc^ ^^ ' 

+ (ft — ma) {I cos C + n cos -4 — w) v 

= ^rr^ {P (ccos54- Jcos C) + »n'a + n'a— 27»ttacos-4 

— TiZ (c + a cos jB— 6 cos -4) — Zm (J — c cos -4 + a cos C)}, 
which, by reduction, is equal to 

r=-Yr^ (P + m* + n* — 2mn COS A— 2hIcos B " 2lmcos C). 
rbcr ^ 

Hence 

If+mg-^nh 



a = + 



(P + m' + n* — 2mn cos A — 2nl cos J? — 2Zm cos C)^ 
the required expression. 

It will be observed, that the numerator of this expression 
vanishes if the point (/, g, h) lie upon the line (Z, m, n), as 
manifestly ought to be the case. 

It will also be remarked, that the more nearly the ratios 
I : m : n approach to the ratios a : b : c, the less does the 
denominator of the above fraction become, and the greater, 
therefore, the distance from the point to the line ; which is 
in accordance with the remark made in Art. (14). 



Examples. 

1. Find the equation of the straight line joining the middle 
points of two sides of the triangle of reference ; and thence prove 
that it is parallel to the third side. 
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2. Find the equations of the straight lines, drawn through the 
several angular points of the triangle of reference, respectively at 
right angles to 

f-J-". M-o. l*t'0-- 

and thence prove that they intersect in a point 

3. If be the angle between the two straight lines (l, m, n), 
(X, ft, v), prove that 

f /) _ ^^+^/^ + wv— (mv+Ti/x) cos -4 -(wX+ h) cos5 — (Ifi+mX) cos C 
" {mv — nfi) sin -4 4- (n\ — Iv) sin £+{lfx — mk) sin G 

4. On the sides of the triangle ABC, as bases, are constructed 
three triangles A'BG, ABCy ABC, simflar to each other, and so 
placed that the angle BA'G = B'AG = BAG', GBA = G'BA = GBA\ 
AG'B = A'GB = AGB\ Prove that the stodght lines AA\ BB, GG' 
intersect in one point. 

5. Prove that the straight line, joining the centre of the 
circle inscribed in the triangle ABG, with the middle point of tho 
side BGy is parallel to the straight line joining A with the point of 
contact of the circle touching BG externally and AB, -4 C produced. 

6. On the sides BG, GA, AB of the triangle ABG, respectively, 
pairs of points are taken, -ff^, G^'y (7^, A^'y A^,B^\ such that the 
points of intersection of BG with BJJ^, oiGA with C^-i,, and of 
AB with Jj-fij lie in a straight line; BG , GB^ intersect in L\ 
GA^, ^(7^ in Jf ; AB^y BA^ in N. Prove ttiat AL, BMy GN inter- 
sect in one point. 

7. From the vertices of a triangle ABGy three straight lines 
AT, BQy GR are drawn to pass through one point, and three 
straight lines AP\ BQ\ GR' to pass through another point, the 
points P, P' lying on BG, Q, Q' on GA, R, R' on AB ; BQ, GR 
meet AF' in D^, D^ ; GR, AF meet BQ' in A\, E^ ; AF, BQ meet 
GR' in Pi, F^'y GD„ BD^ intersect in Z; AE^, GE^ in My BF^, 
AF in ^, Prove that AL, BMy GN intersect in a point. 
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Anhabmonic Ratio. 

19. We shall introduce, in this place, a short account of 
harmonic and anharmonic section, as a familiarity with this 
conception is useful in the higher geometrical investiga- 
tions. 

Def. 1. If OP, OQ, OR, 08 be four straight lines in- 
tersecting in a point, the ratio 

smPOQ.sinROS 
smFOS.miQOB 

is called the anharmonic ratio of the pencil OP, OQ, OR, 
OS, and is expressed by the notation { . PQR8]\ 

Def. 2. l£P, Q,R, She four points in a straight line, 
j we ratio -pq—prji is called the anharmonic ratio of the range 
i 'P, Q, R, 8, and may be expressed thus [PQR8]. 

n using these definitions, attention must be paid to the order 
^ wldch the lines or points follow one another. Thus, the an- 
Wmonic ratio of the pencil OF, OR, OQ, OS, is different from 
*l»t of the pencil OF, OQ, OB, OS, the former heing equal to 
^POB.anQOS ., , ^ . an FOQ . an BOS . 
^OS. Bin QOB ' ^^ ^^"^ ^ onFOS.anQOB ' 

Def. 3. If any number of straight lines, intersecting in 
^ point, be cut by another straight line, the straight line 
^mch cuts the others is called a transversal. 

20. Prop. If fcmr given straight lines, intersecting in a 
poin^ 0, he cut hy a transversal in the points P, Q, R, S, the 
(inharm(ynic ratio of the pencil OP, OQ, OR, OS, wUl be equal 
toihatofihe range P, Q, R, S. 

* This notation is due, I believe, to Dr. Salmon. See his Conic Sections 
p. 273 (third edition). 
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Fig. 9. 




For 



And 



sin POQ Bin POQ sin OPS 
sinPOS^sin OPQ'smPOS 

_PQ OS 
OQ' PS' 

sin BOS ^ BJn ROS sin OR Q 
sinQOR ■" sin ORS ' sin QOR 

_R8 OQ 
^ OS' QR' 

BJjiPOQ.BmROS _^ PQ.R 8 
•• sinPOiS. sin Q0i2 P8.QR' 

Thus the proposition is proved. 

Cor. 1. It appears, from the above proposition, that if a 
pencil be cut by two distinct transversals in P, Q, R, S and 
P', Q\ jR', S' respectively, the anharmonic ratio of the range 
P, Q, R, S will be equal to that of the range P', Q', R, S\ 
since each is equal to that of the pencil OP, OQ, OR, OS. 

Cor. 2. It appears also that, if four points P, Q, R, S', 
lying in a straight line, be joined with each of two other 
points 0, 0', the anharmonic ratios of the pencils OP, OQ, 
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05, 05; (7P, O'Q, (/B, ffS, will be equal to one another, 
since each is equal to that of the range P, Q, R, 8. 

21. Def. a pencil, of which the anharmonic ratio is 
unity, is called an harmonic pencil. 

A range, of which the anharmonic ratio is unity, is called 
anharmonic range, and the straight line, on which the range 
lies, is said to be divided harmomcally. 

From what has been said above, it will be seen that, if an 
harmonic pencil be cut by a transversal, the four points of 
section will form an harmonic range. And if four points, 
forming an harmonic range, be joined with a fifth point, the 
four joining lines will form an harmonic pencil. 

The line 08 is said to be a fourth harmonic to the pencil 
OP, OQ, OB; and the point 5 to be a fourth harmonic to 
therangeP, Q, B. 

The term harmonic is employed on account of the cir- 
cumstance, that if the points P, Q, R, 8 form what is above 
defined as an harmonic range, FB will be an harmonic mean 
between PQ and F8. 

For JPQ.RS^PS.QB; 

:. PQ {P8-'PB)=P8{PB - PQ) ; 

/. PQ:P8:: PB-'PQ : P8-PB, 

wh^ce PQ, PB, PS are in harmonical progression. 

From the above proportion it appears that if PQ = QR, 
P5= 00 . Hence, if PB be bisected in Q, the fourth har- 
monic to the range P, Q, R is infinitely distant. Or, as it 
may otherwise be stated, if PB be bisected in Q, and P, 
Q, R he joined with any point 0, not in the line PR, the 
fourth harmonic to the pencil OP, OQ, OB, will be parallel 
to the transversal PQB. 

22. Prop. The external and internal bisectors of any 
angle form, with the lines containing the angle, an harmonic 
pencil. 
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Fig. 10. 




Let the angle FOB be bisected internally by OQ, let 
PO be produced to any point P', and let the angle P'OJt be 
bisected by OS, then 

sin POQ = sin QOB, 
sin P08==svaF08 

= sin 505; 

sin .POQ. sin ■ROiS ' 
•*• sin PO,S. sin QOiJ 

Hence the truth of the proposition. 

23. Pbop. If ABC he the triangle of reference, and 
AD, AE straight lines respectively represents, by the equations 



/S-k7 = 0, /S + k'y = 0, 



k' 



then r- loill he the anharmonio ratio of ihe pencil AB, CA, 
AD.AE 



. 
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Let BG cut ADy AE respectively in 2), E, then since D 
is a point in the line fi — ky = 0, 

BD_ ts.ABD _crf _ c 
CD^AACB^bfi^bk' 

andance-Eis a point in the ]ine 13 + J^y = 0, 

BE A ABE cy c_ 
CE AACJE^-bfi'^bk'' 

BD.CE _K 
•'• BE. CD k ' 

or r is the anharmonic ratio of the range B, D, C, E; that 
i«, of the pencil AB, AD, A (7, AE. 

Cob, It hence follows that the straight lines respectively 
represented by the equations /3=0,^—A7=0, 7=0,^+^7=0, 
I fonn an harmonic penciL 

24. Hence we deduce a geometrical construction for the 
determination of the fourth harmonic to three given inter- 
secting straight lines. 

Let AB, AD, AC he three given intersecting straight 
lines, and let it be required to find a straight line AE, 
such that AB, AD, AC, AE shall form an harmonic pencil. 
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Through D, any point of tbe second of the three gi 
straight lines, draw two transversals BDC, ^DC, cut 
AB in B, B, AG in 0> C respectively. Join B'G, 1 
and produce them to meet in E. Join AE, then AE s 
be the fourth harmonic required. 

For, let ABC be the triangle of reference, and let 
equation of AD be j8 — Jt7 = 0. Let the equation of BC 
\a + ^-ky=0. 

Then that of BC iBXt-ky = 0, 

B'G...-Ka+ /5 = 0, 

.-. AE ... ^ + foy=0, 

whence AE is the fourth harmonic required. 



25. Prop. 
point; and AD, 
sect BC in D; BE," 



If ABC be a given triangle, P owy £ 

', the fourth harmonic to AB, AP, AC, ii 

" e fourth harmonic to BC, BP, 
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tersect CA in E; CF, the fourfk harmonic to CA, CP, CB, 
tersect AB in F; then D, £, F lie in the same straight line. 

IJety, g, hhe the co-ordinates of P. Then the equation 
AP is 

^-1 = 
g h "' 

Fig. 13, 




whence that of AD is '^ + ^ = 0. 

g A 

Similarly, that of 5J& is ^ + ? = 0, 

C^...j+^=0, 

/ 9 
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From the form of these equations it will be seen that 
the straight line 

f 9 ^ 

passes through 2), E, F. Hence these three points are in a 
straight line. 

Cor. The converse proposition to that above enunciated 
may be demonstrated by similar reasoning. 

The point P, and the line DEF, may be called 'har7nonie& 
of one another with respect to the triangle ABC. 

By combining the proposition last proved with that 
proved in Art. (22), we shall obtain a demonstration of 
the statements made in Art. 6; that the points in which the 
external bisectors of each angle of a triangle respectively 
intersect the sides opposite to them, lie in the same straigli 
line; and that the points in which the external bisector of 
any one angle and the internal bisectors of the other two 
angles, intersect the sides respectively opposite to them, lie in 
the same straight line. 

These straight lines will be respectively represented by 
the equations, 

aH-i8 + 7 = 0, ^ + 7-a=:0, 
7 + a-^ = 0, a + i8-7 = 0. 

On Involution. 

26. Defs. Let be a point in a given straight line, 
and let 

P, P', Qy Q\ B, 5'...... 

be a series of points on that line so taken that 

OP. OF^ OQ. OQ[=^OB. 0E=^ 

= a constant, fc' suppose. 

Then these points ate said to form a system in involution. 

If jBT be a point such that OK^ =^1^^ K\b called a focus 
of the system. 
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If A:* be positive, there will evidently be two such foci, 
one on each side of 0, if negative (and k therefore imagi- 
nary) there will be no real focL 

The point is called the centre of the system. 

Two points, such as P, P', are said to be conjugate to one 
another. 

It is evident that each focus is conjugate to itself, and 
tbat the conjugate of the centre is at an infinite distance, 
and that a point and its conjugate will be on the same, or 
different sides of the centre, according as the foci are real or 
imaginary. 

i^ The system will be determined when two foci, or a centre 
and focus, are given. It will also be determined if two pair 
of conjugate points be given; as may be seen as follows. 

Let p, p', q, <( be the respective distances of the four 
pants from any arbitrary point on the line, x the distance of 
tbe centre from the same point. 

Then, by definition, 

p+p-q-q 
which determines the centre. 

27. Prop. The anharmonic ratio of four points is equal 
to that of their fmr conjugates. 

For, if 0P=j7, OQ = q, OB = r, 08=8, 

{8-p)(r-q) 

(MXM) 

^ {p-q)ir-8) 
(p-s)(s~r) 
= [PQRS], 
ivhich proves the proposition. 
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Cor. It is evident that [PgRP"] ^ [FQ'RP]. 

28. Prop. Any two ccmjugcUe points form, mth the 
foci, an harmonic range. 

Let K^, K^ be the foci, then 

KJP^p--h K^P=p + h 

then Z;P.Z,F = (^-;k)(^V;k)=|(p«-A:«), 

and Z;F.Z;P=(i-D(i + i))=|(p«-A:»); 

.-. KJP.KJP'=^K^P'.K^P, 
or the four points in question form a harmonic range. 

Conversely, if there be a system of pairs of points i 
straight line, such that each pair forms, with two given poi] 
an harmonic range, the aggregate of the pairs of points "" 
form a system in involution, of which the two given poi 
are the foci. 

29. A system of straight lines, intersecting in a po: 
may be treated in the same manner as a system of poi 
lying in a straight line, the sine of the angle between i 
two lines taking the place of the mutual distance of \ 
points. From the proposition, proved in Art. 20, it ^ 
follow that, if a system of straight lines in involution be 
by a transversal, the points of section will also be in in 
lution. 
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CHAPTER II. 



SPECIAL FORMS OF THE EQUATION OF THE SECOND DEGREE. 

1. We now proceed to the discussion of the curve repre- 
sented by the equation of the second degree. We shall first 
prove that every curve, represented by such an equation, is 
what is commonly called a conic section ; and then, before 
proceeding further with the consideration ef the general equa- 
tion, shall investigate the nature of the curve corresponding 
to certain special forms of the equation. 

Prop. Every curve represented by an eqication of the second 
degree is cut by a straiglvt line in two points, real, coincident, 
or imaginary. 

The general equation of the second degree is represented 

by 

uof + v^ + wr/ + 2ul3y + 2i; 7a + 2w'aj3 = 0. 

To find where the curve, of which this is the equation, is cut 
by the straight line 

h + mfi + 717 = 0, 

we may eliminate a between the two equations. This will 

pve us a quadratic for the determination of - , to each of the 

two values of this ratio, real, equal, or imaginary, one value 
of a will correspond; whence it appears that the straight lino 
and the curve cut one another in two real, coincident, or 
imaginary points. 

Hence, the curve is of the same nature as that represented 
by the equation of the second degree in Cartesian co-ordinates, 
and is, therefore, a conic section. 

F. ?^ 
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2. We shall now inquire what are the relations of the 
conic section to the triangle of reference, when certain rela- 
tions exist among the coefficients of the equation. 

First, suppose u, v, it, all = 0. 

The equation then assumes the form 

u^y + vyx + w'afi = 0, 

which we shall write 

Xfiy + fj/yoL + wyS = 0. 

Now, if in this equation we put a = 0, it reduces itself to 

\^7 = 0, 

which requires either that j3 = 0, or that 7 = 0. 

It hence appears that the curve passes through two of the 
angular points (B, C) of the triangle of reference. It may 
similarly be shewn to pass through the third. Hence the 
equation 

TijSy + fjLy2 + vap = 0, 

or, as it may also be written, 

- + ^ + - = 0, 
a p y 

represents a conic, described about the triangle of reference. 

3. Let us now inquire how the line 

fl V 

is related to this conic. 

B y 
If in the equation of the conic we put - + - = 0, or, 

which is the same thing, ^ + j/^ = 0, it reduces to \^y = 0. 

Hence the line - + 5^ = meets the conic in the points ia 

/A 1/ ^ 

which it meets the lines ^8 = 0, 7 = 0; but these two points 

coincide, since the line in question evidently passes through. 

the point of intersection of ^ = and 7 = 0. Hence tn^ 

straight line and the conic meet one another in coincideOLti 

points, that is, they touch one another at the point A. 
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Similarly, the equations of the tangents at B and C are 

V \ 
A. /i 

4, To determine the position of the centre of the conic. 

Through the angular points A, B, C of the triangle of 
reference draw the' tangents EAF^ FBD, DCE. Bisect 

Fig. 14. 




-4 (J, AB respectively in H, I, join EH, FI, and produce 
them to intersect in 0. Then, since every straight line 
drawn through the intersection of two tangents so as to bisect 
their chord of contact passes also through the centre, will 
he the oentre of the conic. 
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NoW; at the point E, we have 

and at the point H 

j3 = 0, oy = aa. 

Hence the equation of UH is 



vc \K /ij ^7su\ft vj' 



Similarly that of FI is 



\a\fi v) fib\v \J ' 
Hence, at the point 0, 

\a\ji^vj fib\v^\J vcKx'^fiJ' 



or 



\ fJb V 



These equations determine the position of the centre. 

Cor. We may hence deduce the relation which n 
hold between \, /a, v, in order that the conic may be a pj 
bola. For, since the centre of a parabola is at an inni 
distance, its co-ordinates will satisfy the equation 

We hence obtain the following equation : 

\V + iiV + i/V - 2/Avbc - 2v7ica - 2X/Aa6 = 0, 
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which is eqaivaleiit to 

±(Xa)»±(/ti)»±(w:)»=:0, 

as the necessary and sufficient condition that the conic should 
be a parabola. 

5. To determine the condition thai a given straight line 
may totich the conic. 

K the conic be touched by the straight line (I, m, n), the 
two values of the ratio fi : 7, obtained by eliminating a 
between the equations 

Xffy + fiyz + va/S^^O, 
h + mfi + W7 = 0, 
most be coincident. The equation which determines these is 

-Xl^y+iMrf + vIS) (m/3 + n7)=0, 
and the condition that the two values of ^ : 7 be equal, is 

4ffin . vm — (jim + i/n — XZ)' = 0, 
or XV +/aW + v^n'— 2fiv . mn — 2v\.nl — 2X/a .lm = 0, 
>vhich is equivalent to 

If this be compared with the condition investigated in 
Art. (4) that the conic may be a parabola, it will be observed 
that the parabola satisfies the analytical condition of touching 
the straight line aa + bjS + oy^O, This is generally ex- 
pressed by saying that every parabola touches the line at 
infmty. 

6. To investigate the equation of the circle, circumscribing 
ihe triangle of reference. 

This may be deduced from the consideration that the 
co-ordinates of the centre of the circumscribing circle are 
respectively proportional to cos A, cos -B, cos C (see p. 4), Or 
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it may be independently investigated as follows. Draw E 
FAD, DAE (fig. 2), tangents to the circle, then the a: 
EAC ia equal to ABG, and FAB to ACS (Euc. in. 
Hence the equation of the tangent jE^JF'inust be 



$ 



+ -.^-7=.= 0. 



sinB sin (7 



Fig. 15. 




or 



? + 3r=o. 



Similarly the equations of the other tangents FBD, L 



are 



c a 

? + ^ = o- 
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md, comparing these witli the forms of equations of the 
tangents given in Art. (3), we see that the equation of the 
circumscribing circle is 

a p y 
or, as it may also be written, 

sin A sin B sin (7 ^ 
a ^ 7 

7. Having thus' discussed the equation of the conic, 
circumscribing the triangle of reference, we may proceed to 
investigate that of the conic which touches its three sides. 
The condition that the conic 

Ma* + v^+tvy^ + 2u'fiy + 2t; 72 + iwafi = 0, 

iM-y touch the line a = is, that the left-hand member of the 
equation obtained by writing a = in the above may be a 
perfect square. This requires that 

u * s= vw, 

or M = ± {vw)\ 

Similarly, »' = ± (m?w)*, 

are necessary conditions that the conic should touch the lines 
^ = 0,7 = 0. 

We must observe, however, that if the conic touch all 
three of the sides of the triangle of reference, the three double 
signs in the above equations must be taken all negatively, or 
^wo positively and one negatively. For, if they be taken 
otherwise, the left-hand member of the equation of the conic 
will become a perfect square, as may be ascertained by sub- 
stitution, and the conic will degenerate into a straight line, 
or rathei;' into two coincident straight lines. 
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Taking then the double signs all negatively, and writing 
for convenience, I?, M*, N*, instead of u, v, w, the equation 
of the conic which touches the three sides of the triangle of 
reference becomes 

which is equivalent to 

± {Lay ± (Jlf/S)« ± {Nyy = 0. 

It may be remarked, that the condition that the point 
(?, m,n) should lie in the above conic, is the same as the con- 
dition that the straight line {I, m, n) should touch the cir- 
cumscribing conic 

L^y + Myai-NajS^O. 
See Art. 5. This we shall return to hereafter. 

8. To find tlie centre of the conic. 

Let jD, E, F be the points of contact of the sides BC^ 
GA, AB respectively. Join EF, FD, BE, bisect FD, DE in 
H, I, join BH, CI, and produce them to meet in 0. Then 
will be the centre of the conic (see p. 32). "We have 
then to find the equations of BH, CI, which, by their in- 
tersection, determine 0. 

Fig. i6.. 
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Let /,, g^, \ be the co-ordinates of D. Then ^ «= 0; and 
g^ \ will be the values of yS, 7, which satisfy the equations 

if/S* + iP'f - 2MNfiy - 0, 

or Mfi-Nym,0, 

and 6j8 + oy » 2A. 

Hence. g, = j^^^^ 2A 



1 
M 






2A. 



In like manner it may be proved that, if /,, g^, A, be the 
coordinates of E, 

1 

Now, for I, and therefore for every point in the line CI, 

a /3 

i(/.+/.)~i(5'. + fl',)* 

Therefore the equation of (7/ is 

J . c 



or 



a ^ 



M + Alc Lc + Na ' 

Similarly that of BH is 

7 a 



Ma+Lb M + Mo 
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Therefore at the point we have 

g §_ _ 7 

Nb + Mc Lc-\-Na'^ Ma-\'Lb* 

These equations with 

ax + 5/S + C7 = 2 A 
detennine the co-ordinates of the centre. 

Cor. Hence may be obtained the condition that the 
conic may be a parabola. For the centre of a parabola is 
infinitely distant, its co-ordinates must therefore satisfy the 
algebraical relation 

ai + bfi + cy^O, 

whence we get 

Lbc + Mca + Nab = 0, 

or - + X + - '= ^> 

a c 

as the required condition. 

This will be observed by reference to Art. 9, to be iden- 
tical with the condition that the conic should touch the 
straight line, aa 4- 6)8 + C7 = 0, and thus we are again led 
to the conclusion noticed in Art. 7, that every parabola 
touches the line at infinity. 

9. To find the condition that the conic should touch a given 
straight line. 

If the straight line (l, m, n) be a tangent to the conic, the 
values of the ratio ^ : 7, obtained by eliminating a between 
the equation of the conic and the equation 

ft 

h + m^ + n^ = 0, 

must be equal to one another. For this purpose, it is most 
convenient to take the equation of the conic in the form 
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EUminating a, we then get 

L(m/3+ny) + l {(Jf/3)t ± {Ny)^}' = 0, 
or {Lfn'hMl)/3-\'(Ln + Nl)y±2l{MN/3y)i^0, 

and, if the roots of this, considered as a quadratic in ( - j 
be equals we have 

or Lmn + Mnl + Nlm^O, 

which may also he written 

L M N ^ 

-; +—+-=0. 

It hence appears that the condition, that the line (?, m, v) 
should touch the conic 

(La)J±(i«3)J + (iV7)4=xO, 

is identical with the condition that the point {I, m, n) 
dioold lie in the conic 

a /3 y 
a result analogous to that obtained in Art. 13, chap. i. 

10. To find the equations of the four circles which touch 
Ae three sides of the triangle of reference. 

These inay be obtained most readily by the employment 

of the equations for the determination of the centre, obtained 

in Art. 8. Thus, let it be required to find the ratios o£ 

L,M,N in order that the conic may become the inscribed 

, circle. At the centre of this circle we have, aa we know. 
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This gives, by the result of Art. 8, 

To solve these equations, put each member equal to r, 
we then get 

a ca 

a b "ah' 

Adding together the last two of these equations, and sub- 
tracting the first, we get 

y ( J ^. c — a) 

^=2 — ir~- 

Similar expressions being obtained for M and N^ we 
see that 

T njT -KT h-^-c — a c^-a-^h a + 5 — c 

L '. M \ N :: — v : : r — 

be ca ab 

.A ,jB , (7 

:: cos' -^ : cos ^ : cos -^ • 

Hence the inscribed circle is represented by the equation 
cos ^ . a^ + cos g- . p^ + cos ^ . 73 = 0. 

It may similarly be proved that the escribed circles, of 
which the centres are respectively given by 

-a = ^ = 7, a = -/S = 7, a = ^ = -7, 
will be represented by the equations 

cos ^ (-«)*+ sin g.jSi + sin 2^.7* = 0, 
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Bin 2 .aj + C08^ (-)8)i + sin g-. 7**0, 

sin^.a* + 8in « .^S^ + cos-g (-7)*-0. 

We may remark that, at every point in the circle which 
touches BC externally, a is essentially negative, so that the 

form (— a)* represents a real quantity. Similarly the appear- 
ance of (— /8)*, (—7)* in the equations of the other two 
escribed circles may be accounted for*. 

11. The next form of the general equation of the second 
degree which we propose to consider is that in which u, v\ w\ 
the respective coefficients of 2^7, 27a, 2^^, are all = 0. The 
equation then assumes the form 

ua' + 1;;8* + ny/ = 0. 

We observe in the first place, that if this equation represent 
a real conic, the coefficients of a*, )8*, 7*, cannot be all of the 
same sign. Suppose the coefficient of a* to be of a diflferent 
sign from the other two, then writing, for convenience of 
future investigations, U, — 3/*, — -flT* for w, v, w respectively, 
our equation assumes the form 

12. We have now to enquire how this conic is related to 
the triangle of reference. 

Putting )S = 0, we get 

* If these equations be rationalised, and the sines and cosines of - . - , - 
^ 2 2 2 

be expressed in terms of the sides, they assume the foUowing forms : 

o»(j-a)«o« + 6«(«-6)«/3» + c»(«-c)V-26c(«-6)(«-c)/37-2<ra(«-c)(«-a)7a 

-2a4(«-a)(«-6)a/3=0, 
oVa'+6«(#-c)«/3»+c«(#-5)V-2&c(«-5)(«-c)/37+2«M(«-6)7a 

+ 2o6«(#-c)a^=0. 
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The interpretation of this equation ib, that the two 
straight lines drawn from B to the points in which the conic 
is cut by CA, form, with BC, BA, an harmonic pencil. 

It may. similarly be proved that the two straight lines 
drawn from G to the points in which the conic is cut by AB, 
form, with CA, CB, an harmonic pencil. 

If we put a = 0, we get 

shewing that BG cuts the conic in two imaginary pointy 
The analytical condition of harmonic section is, however, 
satisfied here also. 

13. We may next investigate the equations of the tan- 
gents drawn through the points A, B, C, 

If in the equation of the conic we put Lol = Ny, we get 
/3 = 0, shewing that the straight line Lol — Ny = meets the 
conic in two coincident points, and, therefore, touches it. 

Similarly 

are tangents to the conic. 

The tangents to the conic drawn through A would be 
analytically represented by the equations 

Jf/3 = V(- 1) Nrf, Mfi V(- 1) JVy, 

which shew that these tangents are imaginary, or that the 
point A lies within the concavity of the conic, 

14. Since the two tangents drawn through B meet the 
conic in points situated in the line GA, it follows that CA is 
the chord of contact of tangents to the conic drawn through 
B, or that GA is the polar of B, and B the pole of CA with 
respect to the conic. Similarly, G, AB, stand to one another 
in the relation of pole and polar. 

Again, since the pole of AB is the point C, and the pole 
of -46' is the point J5, it follows that the line joining B and (7 
is the polar of the point of intersection of AB, AG, i.e. that 
A is the pole, of BG, and B G the polar of ^, . 
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"We come then to this conclusion, that when an equation 
of the second d^ree does not involve the terms fiy, 72, afi, 
the conic represented by it is so related to the triangle of 
reference, that e(ich side of tlie triangle is the polar, with 
respect to the conic^ of the opposite angular point*. 

This is expressed by saying that the triangle is self con- 
jugate with respect to the conic ; or that the three angular 
points of the triangle form a conjugate triad. 

The geometrical properties of the conic having been thus 
established, we shall, in future investigations, write for the 
sake of symmetry of form, — L* instead of Z", so that the 
equation of the conic will be written 

It must here be borne in mind that one of the three quan- 
tities L, M, N is essentially imaginary. 

15. Any two conic sections represented by such equa- 
tions as 

iV + Jlf«)3* + iV^7« = 0, 

have important relations to one another, which we proceed to 
consider. 

They will of course intersect in four points, which may 
be real or imaginary. We will first suppose them real, and 
represent them by the letters P, Q, jB, S. 

Now the locus of the equation 

(i*^'« - L'iP) ^ + {UN"" - i"iV") 7» = 

passes through all the points P, Q, i2, 8\ and, since it may 
be resolved into linear factors, represents two straight lines. 

• If the coefiScients of /S* and 7' be equal, and the triangle of reference le 
right-angled at A , the form of the equation shews that ^ i^ill be a focus of thu 
conic, and EC the corresponding directrix. 



48 TBILINEAB CO-ORDINATES. 

Suppose them to be PQ and B8. The intersection of these 
two straight lines is given by the equations 

(XW - X'W«)» i8 = - (X'W* - iW)* 7, 

which evidently give ^ = 0, 7 = 0. 

Hence PQ, R8 intersect in ^. 

Similarly, PR, QS intersect in B, and PS, QB intersect 
in C. Hence, the angular points of the triangle of reference 
coincide with the intersections of the line joining each pair 
of points of intersection of the conies with the line join- 
ing the other pair. Hence also, if any number of conic 
sections be described about the same quadrangle*, and the 
diagonals of that quadrangle intersect in A, while the sides 
produced intersect in B and C, then A, B, G form, with 
respect to each of the circumscribing conies, a conjugate 
triad. The points A, B, G may themselves be called verticei 
of the quadrangle, or of the system of circumscribing conies. 

It will be seen, from the preceding investigation, that any 
two conies which intersect in four real points can be reduced, 
by a proper choice of the triangle of reference, to the form 

The same reduction may also be eflfected in every case 
with the reservation that if two of the points of intersection 
of the conies be real and two imaginary, then two of the 
angular points of the triangle of reference (or vertices) will 
be imaginary and the remaining one real. If all the points 
of intersection be imaginary, the vertices of the conies will be 
all real. This we shall prove hereafter. 

16. To find the condition that a given straight line may 
touch the conic. 

Let the equation of the straight line be 

la + m^ + ^ = 0, 

* I employ the term quadrangle in preference to quadrilateral, considering 
a quadrangle as a figure primarily determined by ioxa points, a quadrilateral 
by four indefinite straight lines. 
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Whore this meets the conio; we have 

V (mfi+»fy + P(Jf/3*+^7») = 0, 
and, making the two values of j3 : 7 equal, we get 

(iW + 2PP) (XV + 2fV) - L*mW. 
whence JPNV + ITLW + L*M*n* «> 0. 

or P+SS + iT"^' 

the required condition. 

17. To find ihe eonditian that ihe conic may be a para- 
Ma. 

Since every parabola satisfies the analytical condition of 
toodiing the Ime 

aa + lfi + cy^O, 
the required condition becomes 

a* V <? 

18. To find ihe co-ordifnatea of ihe centre. 

Let B^ B^ be the points in which the conic is cut by CA, 
then, if B^ B^ be bisected in Q, the line BQ will pass 
through the centre. 

Now, let^ 0, A, be the co-ordinates of B^ 

fvO.K A. 

Then those of Q are 

2 ' ' 2 * 

xucl the equation of BQ will be 

7 _ g 

T. 4 
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Now yi,^ are the values of a gyyen by the equations 

fi =0, 

which, eliminating )9, 7, are equivalent to :• 

whence /»+/i = xV + iy^a' ' 

ft 

Simila4:ly ^<"^^> = jyv + XV * 

Hence the equation of J5(2 is 

7 _ a 

or — ^ = — . 

c a 

This gives one straight line on which the centre lies. It 
may be similarly proved to Ue on the straight line 

a b 

Therefore the co-ordinates of the centre are given by the 
equations 

a , b c ' 

Combining therewith 

aa + 5)9 + C7 = 2A, 

we get for the co-ordinates of the centre 

a b c . 

1} IP W^ 



L*'^M*'^N* -U'^M*'^^ L*'^M*^N' 



r; 
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Each of these heoomes infinite when the conic is a para- 
\xAsk, as manifestly ought to he the case. 

19. To find ills equcOian of the circle with respect to which 
Ae triangle of reference is edfconjugcUe. 

It is a distinguishing property of the circle that the line 
joining the centre with any other point is perpendicular to the 
polar of that point. Hence the line 

which joins the centre with the point A, must be perpendicu- 
lar to a » 0. This gives (see Ail 6, p. 8) 

ftcosi^ ccosC 

Similarly^ since the lines joining the centre with B, 
ve respectively perpendicular to 

/S = 0, 7=0, 
we shall have 

ccobG acos^' acos^ icosJS' 
Hence the equation of the required circle is 

ocos-4.a* + Jcos5.)3* + cco8 (7.y = 0, 
or 8in2u!l.c^ + sin25.)8" + sin2(7.y = 0. 

It will be remarked that this circle will be imaginary, 
unless one of the quantities sin 2Af sin 2B, sin 2(7 be nega- 
tive, that is, unless one of the angles 2 A, 2B, 2(7 be greater 
than two right angles, or unless the triangle of reference he 
dhtuse-angled. 

Cob. By referring to the expressions for the co-ordinates 
of the centre of the conic, given in Art. 18, we see that at the 
centre of the circle we have 

OLcoQ Asa ff cos B^ycoaC. 



f 



52 TBIUNEAB CO-OBDINATES. 

Or, ^ centre of the circle, with respect to which the tri- 
angle of reference %8 adf-conjugate, coincides with the interseo- 
tion of the perpendicmara drawn from the angula/r points to 
the opposite sides. This is otherwise evident firom geometri* 
cal considerations. 



20. To find the equation of the conic which touches two 
sides of the triangle of reference in the points where they meet 
the third. 

Let AB, A Che the two sides which the required conic 
touches in the points B, C. We then require that the coa- 
stants in the equation 

should be so related to one another, that when /8 == we hav^ 
the two values of a = 0, and also when 7 as the two values 
of a may each = 0. 

Hence the two equations . 

ia* + -NV* + 2/47a = 0, 

must both be identically satisfied when a = 0, cmd ly rU> 
other valwe. This requires that 

i^=0, /i = 0, Jlf=0, i; = 0. 
Hence the equation reduces to 

or, writing -ifc^for^. 

This equation, it will be observed, involves only on/e arl>i' 
trary constant, as ought to be the case, since when a tangeo* 
and its point of contact are given^ the conic, is thus subject^^ 
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to two condiiionsy and, therefore, when two tangentg and 
their points of contact ture given, to four. 

21. If any straight line whatever be drawn through A, 
and meet the conic in P, Q, and be represented bj the 
equation 

then BP, BQ will be represented by the equations 

from the form of which it is apparent that BA, BP, BG, BQ 
form an harmonic penciL Or any chord of a conic is divided 
harmonicdUy by the conic itself, any point on the chord, and 
the polar of the point with respect to the conic. 

22. We may observe, that the two straight lines repre- 
sented by the equations 

ka « afl, ki^- y, 

intersect on this conic whatever be the value of 09. Hence 
any point on the conic may be expressed by giving the value 
of the ratio 

ki y 

If a> be the value of this ratio at any point, that point 
may be denoted by the letter (o*. The line joining the two 
points a>, <a> may be called the line cm^'. 

23. To find the eqiuition of the line oom. 
Let the required equation be 

koL + m^ + wy = 0, 
we have then to determine m and n. 

Since, when . ika = (»/3, ka = -7, 
we get iH hn«=aO; 

* This mode of ezprefudonis glTOi by Salmon in his Conic Sectiant. 
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Similarly 1 + — + no/ = 0. 



Hence 



© — « o»a> 

1 



and ♦ >i =s — • 

© + « 

Hence the line ©g)' is represented by the equation 

24. jTo ^nrf f A^ equation of the tangent at to. 

This is obtained at once, from the result of the preced- 
ing article, by simply putting ©' = (o. It will then be seen 
to be 

®')9 + 7 = 2tt) . ka. 

25. To find the pole of aa . 

The pole of oxo is the point of intersection of the tangents 
at CO, a/. 

It is therefore given by the equations 

2a).A»-©«/S-7 = 0, 

2© .ifca-a)")8-7 = 0. 



whence 



koL 15 



CD* — 6)'* 2 (a> — (o) imta (« — «') ' 



or — ; 7 = P =* ? • 

co + A> now 

26. To /{ruJ f^ condition that a given straight line may 
touch the conic. 

Let the equation of the given straight line be 

Za + Wi9+n7=s0» 
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From Art 24, it appears that if this straight line touch 
the conic^ it must admit of being pot in the form 

-2«Jfea + a>*/8 + 7 = 0; 

2ak_^ 1 
I m n 

whence ? =* Wmn^ 

the required condition. 

The co-ordinates of the point of contact of this line will 
be determined by the equations 

-- fa = 2mi8 = 2n7. 

Cob, By writing a, 6, c respectively for ( m, n in the 

condition of tangency just investigated, we see that the 

necessary condition in ofder that the conic may be a para- 
bola is 

Or ihe equation of the parabola touching AS, AC in B^ 

cfcf = 4tbcfiy. 

27. To find the centre of the conic. 

Since the conic touches AB, AC in. BC, it follows that 
the straight line drawn through A, and the middle point of 
BCf will pass through the centre. The equation of this 
straight line is 

^ fv 9t* *i> f* 9* \^ ^^ co-ordinates of the points 
in whicn tiie strught Ime meets the conic^ those of the 
centre will be 

fi±ft ffi-^ff* K + K 
2 ' 2 ' 2 ' 

Now fjff^g^ g^f *,» *, are the req^ective values of 
^' 0} 7> obtoined uovn the equations 
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Eliminatmg 7, a between these, we get 

o*6ie' = 4ifc»c(6/3-A)*, 

whence gr. + (y WcL 

wnence 2 =4*'ic-a- 

Similarly ^l_.= ___. 

These are the values P, y at the centre. The oorrespond- 
ing value of a may be ascertained by substitution in the 
equation 

These values all become infinite when 4ik^bc = a\ as mani- 
festly ought to be the case, since, as has been shewn in Art 
24t, the conic is then a parabola. 



Examples. 

1. A triangle is inscribed in a conic ) prove that the points, 
in which each side intersects the tangent at the oj^>o8ite angle, lie 
in a straight line. 

3. A triangle is described about a conic j prove that the 
straight lines, joining each angular point with the point of contact 
of the opposite bide, intersect in a point. 

3. Find the equations of the normals to' the conic Xpy-hfiya 
+ vafi = 0, drawn at the angular points of the triangle of reference; 
and prove that they will intersect in a point if ~ * 

4. If the normals to a circumscribing conic, at the angular 
points of the triangle of reference, meet in a point^ prove that the 
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locos of the 'centre of tlie conio is made up of the cnrverepie- 
Bented by the equation 

?(^_y)+|(y._a')+?(a'-/8^-0, 

moA of the three straight lines which join the middle points of the 
of the triangle (Xf reference. 



5. Three conies toe drawn, touching respectiyely each pair of 
the sides of a triangle at the angular points where they meet the 
third side, and all intersecting in a point. Proye that the three 
tai^^ts at their common point meet the sides of the triangle 
which intenect their respective conies in three points lying in a 
sixaight line; and that the other common tangents to each pair of 
conioB intersect the sides of the triangle which touch the several 
fairs of comics in the same three points. 

6. Prove that the points of intersection of the oppposite sides 
of any quadrangle, and the point of intersection of the diagonals, 
ftm a conjugate triad wiUi respect to any conic described about 
the quadrangle. 

7. If i? be the radius of the circle described about the triangle 
of reference, p that of the circle With respect to which the triangle 
of reference is self-conjugate, prove that 

p' + ^iS'cos^ cos ^cos (7b 0. 

8. If BC, CAf AB be three given tangents to a conic, 
P, 0, R three points on the curve, and if the areas of the triangles 
FBCf PC Ay FAB be denoted by />„ p , p„ respectively, and those 
of the triangles obtained by successively writing Q and B in place 
of P by q^, q^ q^ r^, r^ r„ prove that 

(M/i)* - (pa*-,)* + (PA^)* - (PaO* + (PAO* - (Pa^^i^-i)* = 0. 

9. Prove that the diagonals of any quadrilateral described 
about a conic, and the lines joining the points of contact of 
opposite sides, all intersect in a point. 

10. A system of conies is described touching three straight 
lines; prove that, if one of the foci move along a given straight 
line, the other will describe a conic about the triangle. 

Hence proye that the circle, which passes through the points 
of intersection of three tangents to a parabola^ passes also through 
the£)cns. 
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11. Prove that the equation of the line passiiig through 
feet of the perpendiculars from a point a,, pn 7x9 ^^ ^^ fAedk 
aPy + hya + cafi = 0, on the sides of the triangle of reference^ mnj 
be put in the form. 



«A + ^i 



aa-h 



ay^ + ca, 



ha^ ■» afi^ 



12. Shew that the axis of the pacabola, whose equation ii 
a V = 4&cj8y, is given by the equation 

13. The equation of the directrix of the parabola, wl 
touches the sides of the triangle of reference, and also the si 
line ^a + TWrjS + 17 = 0, is 

acos^f )+i8cos^( — tJ + yoosOIt ' 1 • 

\m nj '^ \n IJ ' \l mj 

14. If the equation 
represent a parabola, the equation of its axis id 



0. 



Ii 



( 89 ) 



CHAPTER IIL 



ON ELIMIXATION BETWEEN LINEAB EQUATIONS. 

1. Befobe entering upon the discussion of the conic re- 
vesented by the genend equation of the second degree, it will 
>e necessary to devote a few pages to the subject of elimina- 
ion between homogeneous linear equations, and to explain 
mne of the terms recently introduced in connection with 
this branch of analysis. 

We shall, however, only state and prove such elementary 
theorems as will be necessary in our future investigations ; 
referring the reader who may be desirous of fuller informa- 
don to Salmon's Lessons on the Higher Algebra; Spottis- 
proode^ On Determinants (the second edition of which will be 
found in Crelle's Journal, t. 51, pp. 209, 328), and to the ori- 
pnal memoirs communicated to various scientific Journals 
)y Messrs Boole, Sylvester, Cayley, and others. 

2. If we have given n homogeneous linear equations^ con- 
lecting n imknown quantities x^, x^ •••^»> such as 

de quantities x^^ a?, ... a?« can be eliminated between them, 
Qd the result of the elimination may be expressed by 
tnitting Xy x^... x^, and writing the coefficients only in the 
rder in which they appear in the given equations, thus 
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6j, J, ... 6, 



= 0, 



The left-hand member of this equation is what is cal 
the detemdnant of the given system of equations. 

We proceed to investigate the law of its formation. 
3. Fiisty suppose we have two equations. 

Multiply the first by &,, the second by a„ and subti 
and we get 



Hence 



«i>«i 
»..». 



= 0^6,-0^,. 



Hence 



We may remark in passing that we shall obtain the s 
result by eliminating \f \ between the equations 

A like theorem will be proved to be true for all d< 
minants. 

4. Next^ suppose we have the three equations 

aj«i + OgO?, + c^a?, = 0, 



mminf ARTS of thbkb bows. 
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Multiply fhese equations in (Mrder by the urbttmry multi* 
liera \, X^, \» and add them together. Let the two ration 
. : \ : X^ be det^mined by the conditions that the ooeffi- 
lents of x^ and x^ in ihe resulting equation shall each be 
ero» Le. let 

a^ + 6^ + c;^-0| ^""^^ 

The resulting equation is then reduced to 

(a,\ + 6,\ + c,\) 05,-0, 
hich requires that 

«i\ + *A + «i\-0 (B). 

llaltiply the first of equations (A) by a,| the second by 
:,, and subtract, we then get 



Vi-Vi ««^-«A 



Vi-*A 



, by symmetry... (C). 



Hence, dividing each term of (B) by the corresponding 
aember of (C) we get 



ij, ft,, 6, 






c,, c. 



+<'i(«A-«i*i) 



-6. 






+ «. 



+ «, 
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It will be seen that the above process is really equivalemi 
to that of eliminatmg \, \^, \ between the equations (A) 
and (B). Hence 



^iJ <^tJ ^8 




«!, ^1» ^1 


h> K h 


« 


a,, ftjj, c. 


Ci9 Q^9 C, 




^<> h> ^8 



' \ 



5. Next^ let us have the four ^nations 

* A + ^ A + * A + */^4 = 0> 
Cia?j + c,a;, + c,a:, + c^^ = 0, 

To effect the elimin9.tion, xnultiply the equations, in order^ 
by Xj, X,, \y X^, add them, and equate the coefficients 
iCj, ar,, x^ severally to zero. We shall then have 



(A'), 



a,\i + J,X, + c^s+^^4 = ) 

a,\, + 6^X, + c^Xj + rf,\, = ) 
which equations involve as a consequence 

To determine the three ratios \: fi^:\: X^, multiply 
equations (A') in order by fi^, fi^, fi^, add, and equate to zero 
the coefficients of X3, X^. We thus get 



(BO. 



(C)- 



dji^+ djM^+ dji^= 0) 

Also {aji^ + aji^ + aji^\ + {bji^ + ljM^-¥i4M'4)\^^9 



whence 



bji^+ b^^-^bji^ - {ajM^+ajM^+ aji^ 



Now, treating equations (C) as equations (A) were treated; 
we see that 



hi 



N 



cjl^ *- c/i^ c^d^ — c^d^ c^d^ — cji^ ' 
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C3 



)r 



vrheuce 



J^ 



i^ 



Mi 



«v. 


d. 




«4. 


d. 




c.. 


rf. 


«o 


d. 




c^. 


dn 




c.. 


*«. 



J^ 



*. 



«k. d. 


+ J, 




+ ^ 


Of d. 






+ a. 






+ a. 






or 





\ 




*.. 


0,. 


d. 


^. 


^» 


d. 


K. 


««, 


d. 





\ 




«i. 


C,. 


d. 


«.. 


«.. 


d. 


«4. 


C4. 


d. 



which, by symmetry, arc equal to 





\ 




0.. 


\. 


d. 


«.. 


K. 


d. 


a^, 


K, 


d. 



\ 






These equations may be more conveniently written in the 
following equivalent forms : 






1 

I 



K *8» *4 
^t' ^8> ^4 






ttj, a,, a^ 
*i>'^8» *« 

^8» ^8' ^4 







\ 






«.. 


«s. 


a. 


— 


*.. 


*.. 


h 




«.» 


c.. 


c« 



Eliminating by means of th^se equations X^, X,, X,, X^, 
&om equation ff^ we get> as the result of the ehmination of 
^1) ^v ^8> ^4 l>^tween the four given equations, 
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C^i> a,> «„ a* 

&i> 6ii ia> ^4 

^1* ^l» ^l» ^4 

dl> d,> ^8* ^4 



= a. 



^1> ^8> ^4 



-^ 



+ 01 



o„ «,. 


o« 




*r ^. 


k 


-d. 


<^,l<^,» 


d. 





«1> ®i> ®4 

^1> ^8> ^4 

^V ^«» ^4 

K *•> *4 



And since the above process is equivalent to the eli 
nation of X^, X,, X,, X^ between the equations (A') and ( 
we see that 



c^i* «!> ^s' ^4 

K hf hf ^4 

^l> ^«» ^8» ^4 

^U ^8* ^8' ^4 



a^, Rj, Cj, rfj 

ttj' ^a> ^2> ^2 

«8» *8» ^8> ^8 

a^, 64, C4, ^4 



6. The law of formation will be sufficiently obvious fi 
the above investigations. If we haven horizontal and vert 
rows, it may be similarly proved that 



1* ^a' "'»'**"'% 



^8' ^8» ^8* • ''^9 

• ■ ' • 



J,, J3...5, 



-h 



S' 8***11 



«2» ^8**'^» 



2* '•'••••aJ 



+ ^l 






^^y iC^» • »tc 



+ ... + {^l)^k. 



%> «8' 
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It may also be proved that, if we have n — 1 equations 
connecting n quantities X^, \...X^, such as 

a,Xj + 6g\ + c,X, + ...+i,\, = 0, 
a,\ + ft,X, + c,\ + ... + k^\, = 0, 



a, Xj + h^\ + Ct,\ + ... + K\ = 0, 
we shaJ] obtain the following ratios between Xj,\, X,,...X^ 



\ = 



0,, c^*../c^ 






^•i*^»»»*^» 



= \ 






a,, 63... A:, 

• ■ 



i 



(-1) 



•1 ^8> *•• 



By reference to the expanded values of the determinants 









it wiU be seen that the former contains 1 . 2 or two terms, the 
latter 1 . 2 . 3 or six. It may also be proved that, if n quanti- 
ties be eliminated from n linear homogeneous equations, the 
resulting determinant will contain 1 . 2 . 3 . n terms. For, 
referring to the relation between determinants of n and n — 1 
lows, given in Arts. (4), (5), (6), it will be seen that this theo- 
^m is true for a determinant of n rows, if it be true for one 
of 71— 1. But it is true for three rows^ therefore it is uni- 
versally true. 

7. The horizontal rows of a determinant are commonly 
^ken of as ''lines/' the vertical ones as "colunms.*' It will 
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be observed, moreover, that each term is the product o£ i 
factors, one taken from each line and from each column, anc 
that the coefficients of one half of the terms are + 1, of tli6 
other — 1. To determine the sign of any particular term 
we proceed as follows. Considering for simphcity the case of 
three rows, we have 



= ^ A^8 ■" ^l^S^2 -^ ^2^1 "" ^2 Vs + ^A^2 ■" ^8 Vr 



Here we observe, first, that (the factors of each term 
being arranged in alphabetical order, that is, in the order of 
the columns) the term afi^c^ (in which the suffixes follow 
the arithmetical order, that is, the order of the lines) has a 
positive coefficient. Now every other term may be formed 
from this by making each suffix change places with either of 
its adjacent suffixes a sufficient number of times. Thus the 
term afi^c^ is produced by simply making the suffixes 2 and 
3 exchange places. The term ajb^c^ is produced by makuu[ 
the suffix 3 change places, first with 2, and next with 1, whicn 
is then adjacent to it. If this process of interchanging the 
suffixes of two consecutive letters be called a "permutation," 
we may enunciate the following law, which by inspection 
will be seen to hold. 

"Every term derived from the first by, an odd number of 
permutations has a negative sign. Every term formed by an 
even number of permutations has a positive sign." 

Thus, it will be observed that the terms afi^c^, ^sVt» 
each of which is derived from afi^c^ by one permutation, 
have negative signs. The terms ajb^c^, ajbx^, each formed. 
by two permutations, have positive signs. The term afyif 
formed by three permutations, has a negative sign. 

In like manner, in the case of a determinant of four rows, 
if afi^c^d^ have a positive sign, such a term as djk^c^d^ derived 
by two permutations, will have a positive sign, while aj)^c^d^9 
derived by three, has a negative sign. 

8. The sign of a determinant is changed hy interchanging 
any two consecutive lines or columns^ 
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In the first place, we observe that 






=:a^ -a,5,-- (i,a,-6,aj «- 






1 



( 



O f 






= a. 






-6, 



^8' ^8 



+ ^1 



^8» ^8 

*8>^ 



= — a. 



^«; ^8 
by what has been shewn above, 



+ c. 



«8>«8 



-h. 



«8»«5 






*1» *8' &8 

The theorem enunciated is thus proved for determinants 
of two and of three rows, and may by successive inductions 
be extended to any number. 

Cor. It hence follows that, if any two lines or columns 
of a determinant be identical, the determinant will vanish. 
For we see, by the theorem, that 



ttj, rtj, a^ 




«x, ttj, a. 


K K h 


= — 


K K K 


K \* h 




K> K h 



and therefore = 0. 

9. We see that 
ma^y a,, a, 

^^* *8> ^8 



=^7na. 



+ WCj 



^8> ^8 



— m6. 



a,, a. 



a=m 



a„ a, 
a^y a,, a, 

^l> ^8> ^8 



V-l 



^8 
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Hence, if all the terms in any line or column of a determi- 
nant he multiplied hy any given quantity ^ the determinant itself 
will he multiplied hy the same quantity, 

10. Def. From any given determinant, other determin- 
ants may be formed, by omitting an equal number of lines 
and columns of the given determinants. These are termed 
Minors of the given determinant, and are called first, second, 
&c. minors, according as one, two, &c. lines and columns have 
been omitted. Thus 



C,, C, 






are first minors of 



«!. 


«.. 


«. 


K 


h„ 


K 


Ci. 


Of 


c. 



11. To investigate the relation which must hold amxmg the 
coefficients L, M, N, X, ft, i;, in order that the quadratic 
fvmction 

may he the product of two factors of the first degree in 
a, A 7- 

Let pa + g/ff+ry be one factor, then — aH — B-\ — 7 

p q r 

must be the other. Hence 

+ 2x^87 + 2)L4»ya + 2i/a)8, identically, 



therefore^ 



q r 

r p 
P 9 



DISCRIMINANT, 



CSi 



whence i — = /ij + 1^ — Xp, 

LML\* . pqr = xy {iiq-\-vr- Xp), 

Myf pqr = ft'j* (i/r + Xp — /Ltg), 

AV pgr = i^r* (Xp + A^ — vr\ 

.'. pjr {LMN- L\ - MfjL*-Nv')=='-2\p.fiq.vr, 

.% iJf JV^- iX* - Jf/A* - J^j/' + 2X^v = 0, 

i, V, /i 
1/, Jf , X 
A*,X,i\^ 



which may also be written 



-0. 



This expression 



L,v, /i 
1/, if, X 
/^,X,iV^ 



the evanescence of which is the necessary condition that the 
, given quadratic function may break up into two factors, is 
termed the Discriminant of that function. 



/ 



12. Pascal's Theorem. 

From the analytical result stated in Art. 6 of the present 
Aapter, that the value of a determinant is not altered by 
changing its lines into columns and its columns into lines, we 
obtain a proof of Pascal's theorem, which asserts that 

If a hexagon be inscribed in a conic, and the pairs of 
opposite sides be produced to intersect, the points of intersection 
lie in the same straight line. . . 
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Let AFBDCE be the conic; take ABC as the triangle of 
reference, and let the equation of the conic be 



M*r» 



w- 



Let the equation of J. j& be /8 = n,7, of -4Fbe 7 = m^,. 

BF ... 7 = Ijx, of BD ... a = n^^ 
CD ...a^m^P,oiOE ... p^ljL 

Then, since D lies in the conic (1), we have X + fwi^ + vn^ = 0, 

E , Xir, + /i + im, = 0, 

F. Xi, + /Am3 + v = 0, 



whence 



1, 


m, 


«. 


l^ 


1, 


n« 


h 


TO, 


..1 



= 



(2) 



is the necessary condition that the six points -4, F, B, D, 
C'y E may lie in a conic. 

Again, if the pairs of opposite sides intersect in points 
lying in a straight line, let the equation of that straight line 
be|}a + 2/8 + r7=0. Then, since . 

BF and CE intersect in this line, we have p + ?Z, + vl^ = 0, 

CD and AF pm^^-q + vm^-^p 

AEsaidBD pn^ + qn^-\-v = 0, 

(3) 



whence 



= 



m^, l,m3 
n^, n„ 1 

as the condition that these points of intersection may lie in 
the same straight line. But (2) and (3) are identical Hence 
the proposition is proved. 

13. From Pascal's Theorem many interesting conse- 
quences may be deduced. Thus, if the point 2^ coincide with 
A, D with J5, E with (7, then AF, BD, CE become the 
tangents at A, B^ C, respectively, and we obtain the theorem 
enimciated in Ex. 1, Chap. ii. Again, by supposing D to 
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coincide with B, and E with (7, we readily obtain the follow- 
ing theorem: "If the opposite sides of a quadrilateral, in- 
scribed in a conic, be produced to meet, and likewise the 
puis of tangents at opposite angles of the quadrilateral, the 
four points of intersection will lie in the same straight line." 

And, by supposing F to coincide with A, we obtain a 
geometrical construction, by which, having given five points 
of a conic, we can draw a tangent at any one of them. For, 
since AF then becomes the tangent at A^ we see that, if AE, 
DB be produced to meet in G, AB, EG in H, and GH in- 
tersect CD in /, then -4/ will be the tangent at A. 



■ 

F 



EXAMPLES. 



1. Prove that 

«, 6, c, d 



hf a, dy c 
c, d, a, b 
diCfb, a 

2. If 



= (a-«-6 + c + c?)(a-6 + c-c^)(a-6-c + ci?)(a+6-c-J)» 






= A 



ft.. 6. 
«.. ft. 



= J,..., prove that 



and that 



1 c.. c. 






= a. 









3. If 



b, e 



and 






c, a 



= B, 



= A', 



C| a 



«, X 



a, b 



ptore that 



J, (7 
B',C 



C,A 

a, A' 



A,B • 
A',S 



= C, 
a', 6' 

«. y 

a,h,c ' 
a, 6', (Z 
x,y,z 



=(r. 



(«'+y* + aO. 
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4. Prove that 



0, 1, 1, 1, ... 

1, 0, a+b, a+c... 
1, J+o, 0, 6+c... 
1, e+tty e+b, ... 



\a c J 



5. ProYe that 



m+n—y + Zy —y + z-lj ^y-^-z—l 
— z+x-myn-^ l—z + x, —z-hx^m 
-x+y—Uy — a + y — w, i + m-a + y 



= 0. 



G. Prove that 



a 



6 + c' 
c + a 



6+c 6+c 



a 

6 



a 



' c^a' 



b 

€ 



a-\-b a + b 
c * c ' a+6 



(6 + c) (c + a) (a + 6) 



7. Prove that, if 



Ay c, b, a 
e, By a, p 
by a, Gy y 
a, ft, y, F 



= 0, 



then 



-4, c, b 




^, c, a 




c, ^» a 




e,B,p 


^z 


6, c, C 




a,p,F 





Oy Ay C 

P,c,B 
y, b; a 



8. Prove that 









m 



{Umy 



= 2(wn + w/ + ?m)'. 



9. Prove that 

2 a", a*, a*, a, 1 

^, ^. P\ A 1 



€•, €», €-, C, 1 



-3 



a , a , a , a, 1 

^', ^, iS', A 1 



= 3(a-/3)(a-Y)-{('»-i8)'+.(a-y)*+...}. 
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10. If -^+ y +_^ = l, 

o+a 6+a c+a 



a + fi b+fi C + /3 



a+y 6+y c+y 
find the values of x^ y, Zj and prove that 



a + A"*"6 + A'*"c + A~ (a + A) (6+A)(c + A)' 



also that 



( 



X y z __ (y - tt) (g - jS) 

^Ti/ "^ (6 -i- a)» "^ (^Ti)» " (STi)~(6 + a) (c + o) • 
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CHAPTER IV. 

ON THE CONIC BEPBESENTED BY THE GENEBiX EQUATION 

OF THE SECOND DEGBEK 



1. We may now proceed to the discussion of the gene- 
ral equation of the second degree, which we shall express 
under the form. 

This we may write, for shortness, ^ (a, 13, y) = 0. 

This equation, as we have shewn (Art 1, Chap, n.), 
represents a conic section. 

2. To find the paint in which a straight line, drawn in 
a given direction through a given point of the conic, meets the 
conic again. 

I^t /, g, h be the co-ordinates of the given point, a, I3,y 
those of any other point whatever. Then, for all points of 
the straight line joining these two, the quantities 

a-/i fi-ffj 7-K 

will bear constant ratios to one another. Let these ratios be 
denoted hj p : q :r,so that we have 

a-/ fi-^g 7-A 

— - ^- — ^== = s, suppose. 
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To find where the line again meets the conic, we must 
jBubstitute in the equation of the conic 

f+ps for aj g + qs for /8, h + rs for y. 

We thus get, arraDging the result according to ascending 
powers of s, 

<^(f>g>K)+2 {(wp + w'q + vr)f+ (w'p + vq + u'r)ff 
+ (t?i?+ u[q + wr) h}8 + <f) (p, g, r) fi* = 0. 

The two roots of this equation, considered as a quadratic 
in 8, determine the two points where the line meets the 
conic« 

Now, since (/, ff, h) is, by supposition, a point on the 
conic, it follows that. <f> (f, g, h) must be itself = 0. Hence, 
one of the two values of 8, given by the above equation, will 
= 0, as ought to be the case, this value corresponding to the 
point /f g, h itself. The value of 8, corresponding to the 
other point of intersection, will then be 

o (up + w*q + v*r) /+ (w jp •\-vq-\- v!r) g -t- {v'p 4- u'q + wr) h 

Hence, the values of a, fi, y, may be determined. 

To this value of 8, we shall hereafter have occasion to 
refer. 

3. To find the equation of the tangent at a given point. 

If the two points in which a straight line meets the conic 
\)e indefinitely close together, the value of 5, investigated in 
Art 2, must be = 0. This gives 

(ttp + vfq + v'r)f+ {w'p + vq + u'r) g + (yp + u'q + wr) A = 0, 

or, 

(tt/+ vfg + v'h)p-\- (w/+ vg + uK) q + (t;/+ u'g + wh) r = 0. 

Hence, since, for every point on the line required, 

a-f ^ P-g ^y-h 
J? ^ r ' 



f 
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we get 

(t(/'+ wg + v'A) a + {jvf-^ vg + uli) fi + (vf+.u'g + wh) 7 

= 0, since (/, g, h) is a point on the conic. 

The tangent, therefore, at (f, g, h) is represented by the 
equation 

iuf'\^wg-\'vh)a + {wy+vg + uh)fi + (vy+ug + wh)y^O, 

Obs. Those who are acquainted with the Differential Calcu- 
lus will remark that this equation may be written thus, 

4. To find the condition that a given straight line mar 
touch the conic. 

Let the equation of the given straight line be 

Za + mj8 + 717=0, 
* 
Let (f, g, h) be the co-ordinates of its point of contact 
then, comparing this with the equation of the tangent jusi 
investigated, we see that we must have 

; uf+wg + v'h _ wf+ vg 4- uK _ v*f+u'g + wh 
' I m "" 71 ' 

Kepresenting each of these equivalent quantities by — A 
we shaJUl have 

«(/'+w>+v'A+ ZA; = 0..... (1), 

wy-\-,vg + uh-\'rnk = (^ (2), 

vZ+wflr + wA + Tifc =0 (3). 

Also, since (/, g, h) is a point on the given line, 
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EUmidating /, g, h, Te, between (1), (2), (3), (4), we 
obtain 



Vi, w', v', I 
w', V, u', m 
v, u, w, n 
I, m, n, 



0, or 



da* ' djidfi ' dxdy ' 

d*<l> d*<l> d^<l> 

dfidx' d^' d^dfi' 

d'4> d*<f > d*<f> 

dydx' djd0' dy*' 



I. 



m. 



n, 



I 



m 



n 







= 



as the necessary condition that the line (Z, w, w) should 
touch the conic <l> {/, g, h)=^On Expanding the determinant, 
this may be written 

(yw ^u')P + (wu — V *) m* + (uv — w'*) n* + 2 (vw' — uu') mn 
+ 2 {w'u - W) nl + 2 (ttV - ww) Im = 0. 

5. The coefficients of P, m', w*, 2mw, 2nZ, 2Zm, in the 
above equation, will be observed to be the several minors of 
the determinant 



«, 


w', 


1 
V 


w', 


% 


v! 


v'. 


< 


to 



They will frequently present themselves in subsequent 
investigations, and it will be convenient, therefore, to denote 
each by a single letter, We shall adopt the following 
notation : 

The condition of tangency investigated in Art. 4 may 
then be written, 
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the same condition, it will be observed, as that which must 
hold, in order that the point {I, m, n) may lie on the conic 

6. To find the condition that Ihe conic may he a parahokf 

Since every parabola touches the line at infinity, the con- 
dition required will be obtained by writing a, 6, c respec- 
tively in place of I, m, w, in the condition of tangency. This 
gives, as the necessary and sufficient relation among the 
coefficients, 

u, w', v\ a =s 
w\ V, u, b 
v\ u\ w, c 
a, h, c, 

or Ua^'\-rb*+Wc' + 2U'bc+2rca + 2W'ab=-0. 

7. To find the conditiwi that the conic may break up into 
two straight lines, real or imaginary* 

For this purpose it is necessary and sufficient that the 
expression <^(a, ^, 7) should break up into two factora 
The condition for this has been shewn in Art. 11, Chap. in. 
to be 

= 



w, 


w\ 


v' 


w', 


V, 


u' 




t 


w 



or uvw + 2v!vvi — uu^ — vv'^ — ww^ = 0. 

8. To find the equation of the polar of a given point 

If through a given point any straight line be drawn 
cutting a conic in two points, and at each point of section 
a tangent be drawn to the curve, the locus of the intersection 
of these tangents is the polar of the given point. "We pro- 
ceed to find the equation of the polar of (/, g, h). 

LetJ^j^, ff^, \ ; /j, g^y \ be the co-ordinates of the points 
in which any straight line drawn t\iTo\x^ (s,f , g,^ \£k&^\&t3ifi 
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conic. Then, since (/ g, h), (/„ g^, A J, (/„ g^, A^ lie in the 
same straight line, we have 

AfftK - 9A) + 9 (hj, - hj,) + h {f,g, -f^,) = (1) 

(see Art 12, Chap. i.). Again, the equations of the tangents 
** (/i> 9i* K)' (/a> fl^a> ^i) respectively, are 

/, (tttt + w'fi+vy) +g^ (w'a + vl3 + uy) + h^ (va + u'p + wy) = 0, 
• /, (tM[ + v/p + vg)+g^ {wa+ vfi+uy) + A, (y'a + u^ + wy) = 0. 

Where these intersect, we have 
ui + w*P + v'y _ w'a + t^jS + uy ^v'a + v'fi + tuy . 

ffiK-9A Kfn-^Ji " ~7^9^ -Affi ^ ^' 

Combining this with equation (1), we get 
f{u2 + w*l5 + vy) + g {w'a + VjS + u*y) + h {va + u^ + wg) = 0, 
or (m/+ w/'flr + vli) a + (^7+ vflr •\-uh) )8 + (v/ 4 w^ + wA)7 = 0, 

as a relation which holds at the intersection of the tangents ; 
and which, since it is independent of the values of /j, g^, \ ; 
\ fv 9v K i ^^st be the equation of the locus of the point of 
intersection of the tangents drawn at the extremities of any 
chord passing through (/, g, A), that is, it is the equation of 
the polar of (/, g, h). 

» 

It may also be written. 

It will be remarked that this equation is identical in form 
with that already investigated for the tangent at a point 
(/, gr, A) of the curve. In fact, when the point (/, g, A) is on 
the curve, the polar and the tangent become identical 

9. To find the co-ordinates of the pole of a given straight 
line. 

Let the equation of the given straight line be 

h + mfi + 717 = 0. 
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K (/,*5^» A) be the coTordlnates of its pole, we must have, 
applying the equation just investigated for the polar d 

if. 9. h), 

vf+ w'g + vh _ wf+vg +uh _ v'f+u'g + wh 
I m n * 

Putting each member of these equations = — Ar, we get 

'fJ^f-^'^'g-V V A + Zfc = 0, 

wy+vg-\-uh-\'mk—0, 

vf-\- u'g+wh-\' TiJc^ 0, 



whence 



/ 



t 1 1 




u\ w\ m 




V, u\ n 


V, u\ m 




w, v\ n 




u, w\ I 


u\ w, n 




v\ u, I 




w\ V, m 



These equations, together with 

af+ bg + ch= 2A, 

determine the co-ordinates of the jtole. They may also be 
written 



/ 



ff 



m+ Wm + Vn W'l+ Vm+ V'n" 77+ U'm+ Wn 

10. To find the equation of the pair of tangents drawn to 
the conic from a given external point. 

Consider the equation 
</> (a* I5,y) + k {{uf+ w'g + vh) a + (w'f+ vg + v!h) yS 

where h is an arbitrary constant. 

This, being of the second degree in a, ^, y, represents a 
conic ; and meets the conic ^ (a, ^, 7) = in the two points 
in which that conic meets the line 

{uf+ vfg+vh) a + {wf+ vg + u'h) fi + {vf+ u'g + wh) 7 = 0, 
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id in these points only. Hence since two conies in general 
itersect in four points, it follows that in this case the four 
3ints of intersection coincide two and two, that is^ the conies 
)uch one another at the two points where they meet the 
bove-mentioned line, or have double contact with each other. 

The arbitrary constant k may be determined by making 
le conic pass through any assigned point Suppose now 
lat the conic is required to pass through the point (f, g, h), 
f which the line of contact is the polar. This gives, for the 
etermination of k^ the condition 

{f,g,h) + k {(uf+ w'g + v'h)f+ (wy+ vg + u'h) g 

+ (V/+ ug + wh) hY = 0, 

'hence fc=*-"-rT:? rr* 

Hence the equation 

> (/» Sl> *) ^ («> A 7) - {(w/+ wflT + v'A) a 

+ {wf+vg + u'h) l3 + {vy+u'g +wh) yY -^0, 

epresents the curve of the second degree, passing through 
he point (/, g, h) and touching the conic ^ (a, /S, y) » 0, at 
'he points where the polar of this point intersects it. But 
^his curve must evidently be coincident with the two tangents 
liawn from that point to the given conic ^ {a, fi^ 7) = 0. 

This equation may be put under another form, also under 
'orm like that of asymptotes, for the coefficients of a' will be 
bund, by actual expansion, to be 

I {uf* + v/ + ti;A* + 2ugh + 2vhf+ 2w*fg) 

= {uv-fxT) f+ {wu-v") h^ + 2 {uu' -vw) gh 
^Wf+Vh'^2U'gh. 

That of 2/37 is 

' (uf* + vf + wh^ + 2ugh + 2vhf+ 2w'fg) 

- (w/ + vg + uh) {vf+ ug + wh) 
: (uu' - vw')f + (u" - vw) gh + (mV - ww) hf+ (wu' - vv)fg 
.^Zr/'^Ugh+W'hf+r/g. 
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Similar expressions holding for the coeflScients of ^, 7*, 
27a, 2flr^, we obtain the equation of the two tangents under 
the form 

( Tr/+ W-2 Cr'^A)aV( E/A'+ TI7'-2 F'V)y8«+( FJT'^ 

- 2 {Vy + Vhf- U'fg -'Wgh)rfi 

--2{WV+Wfg-'rgh^U'hf)afi = 0. 

If the point (/, g, h) be within the come, these two tan- 
gents will be imaginary. 

1 1. To find the co-ordinates of the centre. 

Since the two tangents drawn at the extremities of any 
chord passing through the centre, are parallel to each other, 
it follows that the polar of the centre is at an infinite distance, 
and may therefore be represented by the equation 

aa + fei8 + c7=0. 

Hence, if a, ^, 7, be the co-ordinates of the centre, we 
obtain, by an investigation similar to that of Art. 9, 



u% + v/p + v 7 + ai = 0, 

w'a + v^S + w 7 + 6A; = 0, 

VOL + w /8 + 2(;7 + cA: = 0, 



(A). 



Hence, 



OL 




/s 




7 




k 


w\ V, a 




u, w\ b 




v\ u, c 




u, w\ v' 


V, u, b 




w, v\ c 




u, w\ a 




w\ v, u* 


w', w, c 




V, u, a 




w\ V, b 




v\ v!, w 



or 



;8 



Ua+W'h+V'o 



W'a + Vb+U'c 
k 



Va+U'b+Wc 



uvw + -Luv'to' — uu* — w'* — tpw* 
These equations determine the centre. 
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12. To find the equation of the asymptotes. 

Writing a, fi, 7, for /, gr, h, in the investigation of Art, 
10, and paying regard to equations (A) of Art. 11, the 
asymptotes will be found to be represented by the equation 

* (i A 7) ^ (a, A 7)- {(aa + J/S + c^y)'} A;' = 0, 

or <f>(a, A 7)* («, )8, 7) - (2 A/ &« = 0. 

But, multiplying equations (A) in order by a, ff, 7, and 
adding, we get 

^ (a, A 7) + 2 A . Z; = 0. 

H^nce the asymptotes may be represented by the equa- 
tion 

*(«,/3,7)-*(«,i8,7)=0, 
or ^(a,/3,7) +2A.A: = 0, 

which may be put under the homogeneous form 

(aa + 6)8 + 07) </) (a, A 7) + *(aa + J)8 + C7)» = 0. 

But;, by the final result of Art. 11, it may be seen that 

aa + h^ + cy ^ _ UJ"-^ W+Wc ' + 2U'b c + 2rca'{-2W'a b 
k uvw + ^u'ifw — uv!* — tw'* — ww"^ * 

whence the equation of the asymptotes becomes 

« 

{Ua^+ Fi»+ Wd' + 2U'hc + 2V'ca + 2W'ab) <f> (a, 13, 7) 
— {uvto + 2uvto — -mm'* — w'* — ww'^ (oa + 6^ + cy)* = 0. 

This may also be written under the form 



n, w, Vy a 
w\ V, u\ b 
v\ u\ w, c 
a, by c, 



*(a,A7) + 



u, 


w; 


v' 


w, 


. V, 


u 


t 


< 


w 



(oa + iyS + cy)' = 0. 



6—2 
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Cor. It appears, from the preceding investigation, that 
if a, )8, y be the co-ordinates of the centre of the conic repre- 
sented by the equation 

^ (a, A 7) ^ui + v/S* + w/ + 2tt')87 + 2t/7a + 2t(/fl^ - 0, 





Ut w\ v' 








w\ V, u 


4A» 


*(a,/8,7)=- 


V, u, w 




w, w, v\ a 






w\ V, u\ h 






v\ u\ w, c 






a, b, c, 








13. To find the condition that the conic may be a rect^ 
angular hyperbola. 

If the equations of the asymptotes be 

la+mfi-\-ny = 0, 
ra + m'j8+n7 = 0, 

the condition of their perpendicularity is 

IV + mm' + nn' — (mn' + m w) cos A — (nP+n'l) cos B 

— (W + I'm) cos (7=0. 



Writing, for shortness, 

Ua*'\-W+Wc^ + 2U'bc + 2rca + 2W'ab 
uvw + 2uv'v/ — uu* — vv'* — vm'^ 

we see, by reference to Art, 12, that 

^ _ mm' nra' 

I)u-Ka*~ Dv-KV~ Dw-Kc' 

^ I (mm' + m'w) |(«f + w'Q ^(?ot' + I'm) 
Du'-Kbc Dv' - ^ca ~ Dw'-Kab ' 






■\ 
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Hence the required condition is 

D {u + v + w -- 2u' cos A — 2v cos B --iw' COB C) 
— jK'(a* + 6* + c"-2Jcco8-4-2cacosJ?-2a6cos(7)«0. 

Now a*+ &• + c*- 25c cos^ - 2ca cos5-2a6 cos 0=0 
identically, hence the required condition becomes 

w + t; + ii; — 2u' cos -4 — 2t;' cos J? — 2t(;' cos (7=0. 

Cob. It hence appears, that the condition that the 
conic 

u'p^ + v'rfOL + w'afi = 0, 

described about the triangle of reference, may be a rectan«- 
gular hyperbola, is 

u cos-4 + t;'cos -B + w' cos (7=0 ; 

that is, the conic must pass through the point determined 
by the equations 

a cos -4 = )8 cos JB = 7 cos C. 

This point (see Art, 5, Chap, i.) is the point of inter- 
section of the perpendiculars let mil from each angular point 
of the triangle on the opposite side. Hence we obtain the 
following elegant geometrical proposition, that every rectangu- 
lar hyperbola described about a given triangle passes through 
the point of intersection of the perpendiculars let faU from 
each angular point of the triangle on the opposite side. 

Again, if u', t/, vf be all = 0, the condition is 

w+t; + ti; = 0, 

proving that, if the equation 

wa* + f;/8*+t(^/=0 

represent a rectangular hyperbola, the curve will pass through 
the four points for which 

a = ^ = 7. -a=»^ = % a^-^^y, a = )8 = -y. 

/ 
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In other words, if a rectangular hyperbola he so described 
that each angular point of a given triangle is the pole, with 
respect to it, of the opposite side, it will pass through the 
centres of the four circles which touch the three sides of the 
triangle. 

14 To investigate the conditions that the general eqiuition 
of the second degree shall represent a circle. 

The property of the circle, which we shall assume as the 
baisis of our investigation, is the following : that if, through 
any point, chords be drawn cutting a circle, the rectangle, 
contained by their segments, is invariable. 

Suppose then, that the curve, represented by the equa- 



tion 



cut 



Ma" + v^+wy' + 2ufiy + 2i; 72+ 2w'al3 = 0, 
BC in 6j, Cj, GA in c,, a,, AB in <z,, 6,, 

Fig. 17. 




then, if this curve be a circle, 

Acg.Aa^ = Aa^.Ab^f Ba^^Bh^^Eb^.Bc^, Cb^.Cc^^ Cc^.Ca^. 
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Let h, k' be the respective distances of c,, a, from AB ; 
, g\ those of a,, 6, from AC: then, multiplying the first of- 
he above three equations by sin' -4, we get 

Now A, h' are the two values of 7 obtained by putting 
3 = in the equation of the conic section, bearing in mind 
tkt, when ^8 = 0, 

aa + C7 = 2 A. 

This gives, for the determination of 7, the equation 
w (c7 - 2A)" + way + 2ai;'7 (2A - C7) = ; 
whence, by the theory of equations, 

tt.4A« 



AA' = 



ttc" + t^a*— ''Zv'ca' 



Similarly, gg' = — = ^1 — ^ , , . 

Hence, since -4cj . -4a, = Aa^ . ^6,, we obtain 

» 
wc* + wa* — 2t;'ca = t?a" + 1*6' — 2t£;'aJ. 

Similarly, from the condition 

^e find twt* + u6' - 2t(;'aJ = wJ" + vc* - 2ubc. 

The condition CJ^ . Cc^ = Cb, . Ca, 

gives wV + vc" - 2m'6c = i*c" + wa" - 2t;'ca, 

^^luch^also follows from the preceding two equations. Hence 
the equations 

^ necessary conditions that the given equation should re- 
present a circle ; and, since they are two in number, they are 
^cient. 
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15. To determine the intersection of a circle wUh tiiC 
line at infinity. 

Since^ at every point in the line at infinity^ 

aa+hfi + cy^O, 
we shall have 



i»«- 



y = - 



cya + haff 
a ' 

aaff + cffy 
b 



c 
Substitnting these values in the equation 

wa* + v)3* + iV + 2t*'i87 + 2v'ya + ^'aff-0, 

we get 

/« r vc wb\ ^ ./or wa uc\ 



+K?-?)»^-' 



or, multiplying by abc^ 

(2u'bc - vc" - wV) a/Sy + (2t;'ca — wa* - «#c^ frya 

which, if the conic be a circle, reduces to 

al3y + bya'\'C0Lfi = Of 

shewing that every circle intersects the line at infinity in the 
same two points as the circle described about the triangle of 
reference ; that is, all circles intersect the line at infinity in 
the same two points. These points are, of course, imaginaiy. 

From this it follows that every circle may be represented 
in either of the following forms, 

a^y + by% + cal3 + {h + mfi + nr/) (aa + bfi-i- cy)^0, 
sin2J..a'+sin2-B./3»+sin2(7.7'+(\a+/ii8+v7)(aa+Ji8+C7)«0. 
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16. It ma^ be shewn, by a geometrical investigation 
similar to that in Art. 14, that if p^, p^, p^ be the semi-diame- 
ters of the conic respectively parallel to the sides of the 
triangle of reference, 

= p* {va* + uV- ivfab). 

Hence, if two conies be similar and similarly situated, 
the values ci the ratios denoted by 

wJ5" + w'-2t£'Jc : w?-\-wdf-2vca : w* + u&*-2w'a6 
must be the same for both. 

Hence^ also, by reasoning similar to that "employed in 
Art. 15, it follows that cM comes ^ similar and similarly 
situated to each other, intersect in the same two poirUs in the 
line at infinity/. 

These points will be real, coincident, or imaginary, accord- 
ing as the conies are hyperbolas, parabolas, or ellipses^ 

If the conies, in addition to being similar and similarly 
situated, are also concentric, they will touch one another at 
the two points where they meet the line at infinity. 

17. To find the radical axis of two similar and similarly 
situated conies. 

By multiplying the equation of one of two given conies 
by an arbitrary constant, and adding it to the equation of the 
other given conies, we obtain the general equation of the 
system of conies passing through their four points of inter- 
section. By suitably determimng the arbitrary constant, we 
may make this equation represent any one of the three pairs 
of straight lines passing through these four points. In the 
<^, therefore, in which the two conies are similar and 
similarly situated, it must be possible so to determine the 
constant that the left-hand member of the equation may 
break up into two factors, one which equated to zero re- 



f 
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presents the line at infinity, and the other the radical axis. 
Hence, if 

uo? + v^-\'Wr/ + 2u^y + 2vyt + 2w'afi = 0, 

jpa* + J/? + 77' + 2p'^y + 2qyx + 2r'afi = 0, 

be the equations of two similar and similarly situated conies, 
it must DC possible to determine the arbitrary multiplier Ar, 
so that 

(u + kp) a* - {v + 7cq) ^ + {w + Jcr) r/ 

+ 2{u' + kp') fiy + 2{v+kq') y% + 2{v)' +kr') aft 

f y^ . /u + kp v-\'kd ri , tjo + kr \ 

. ■ * 

identically. 

This gives, equating ttie coefficients of ^y, ya, a0, 

c b 

2{u' + kp')=:^(y'{-kq)-^^(w + kr)-, 

2{v' + kq) = (w + kr)-+(u + kp)^, 

h ft 

2{w' + hr) = (w + kp) — h (t; + ig') r ; 

. , wV-\-vc^--2u*hc uc^ + wa^''2v'ca 
rb^ + qc* — 2p'bc " pc* + ra* — 2qca , 

(The identity of these three values of A? is ensured by the 
condition of similarity already investigated.) 

k may also be written 

g' y c* be ca ab 
p , o ^ r y q' r ' 
a* D^ c* Jc eg a6 
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Hence^ the equation of the radical axis. becomes 

u% vfi wy P^_.i§_.n 

a o c a c 



r 



^■*"y"^? bc^ca^ab a*'^ V^ ?" bi" ca ah 

18. As an example o^ the application of this formula we 
may take the following theorem. The nine-point circle of a 
triangle (that is, the circle which passes trough the middle 
paints of its sides) touches each of tiiefour circles which touch 
the three sides of the triangle. 

Suppose that 

is the equation of the radical axis of the inscribed and nine- 
point circles. The equation of the nine-point circle will then 
be (see Chap. IL Art. 10), 

a'(«-a)V + J'(*-6)'i3* + c*(«-c)V 

— 26c («— h) {S'-c) fiy - 2ca {s — c) (« — a) 7a 
^2ab {s -a) {s + b) afi+ {}ui + fi^ + vy) {a(x + bfi + oy)^0. 

If this represent the nine-point circle, it must be satisfied 
when a = and bfi = cy. Hence 

(,_i)« + (,_c)«-2(«-6)(«-c)+2(f + ^) = 0. 

be 2 



Similarly E + ^J±^, 

^ c a 2 



X u (a-'hy 

^— vv* ^-* SS5 ^ ' * 

a^b 2 ' 

. 2X._ (c-o)* + (a-&)*-(6-c)' 
• o ~ 2 

= (o— h) (a — c) ] 
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Similarly /i = J 6 (J — c) (6 — a), 

ysssic (c — a) (c — 6). 

This gives, for the equation of the radical axis. 



Now, to ascertain whether this touches the inscribed circle, j 
we have, applying the condition of Chap. II. Art 9, to in- i 
vestigate the value of 

cos'^+ — j— cos% + cos'-^. 



8 



'''' obi ^(^""''^ (*-a)+(c-a) («-5)+(a-J) («-c)}, 

which is 0. Hence, the radical axis touches the inscribed 
circle, and therefore the inscribed and nine-point circles toudi 
one another. Similarly, it may be proved that the nine-point 
circle touches each of the escribed circles, 

19. The equation of the nine-point circle may be de- 
duced by substituting the above values of X, ii, y, or (perhaps 
more neatly) by expressing the fact that the curve 

uo? + v^ + wrf+2ul3y + 2vya + 2u/afi = 

passes through the middle points of the sides of the triangle, 
and combining the equations thus obtained with those inves- 
tigated in Art. 14. The former gives 

V(? + wJ' + 2uhc =« 0, 
wa* + wc* + 2v'ca = 0, 
uV + vcf + ivfah = 0. 

Hence, by Art. 14, 

u'bc = v'ca =s w'ab^ 
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Supposing «' ai * Oi we get 

If w _^2a 

with two similar equations, whence 

u 6*+<? — a* 2 cos -4 
€? abc a ' 

/. «a=2acos A 

Hence> the nine-point circle is represented by the equation 

aco8-4.a* + Sco«-B./8' + ccos(7. y — aiSy — i7a — ca^ = 0. 

C!oB. It hence appears that the nine-point circle passes 
hrough the points of intersection of the circumscribed and 
telf-conjugate circles, or has a common radical axis with them. 

20. We hare investigated, in Art 10, the equation of 
the pair of tuigents drawn to the conic from a given point 
{f, g, h). If these two tangents be at right angles to one 
iDotiier, they may be regarded as the limiting form of a 
lectaagular hyperbola, and must therefore satisfy the equa- 
tion investigated in Art 13. This, therefore, gives as the 
locus of the intersection of two tangents at right angles to 
one another 

'^2{V"/*+ Ugh^ r/g - W'Af) cos A 
+ 2 (Fy + F*/- W'gh - U'Jg) cos B 
+ 2{Wh'+Wfg- U'hf^ V'gh) cos (7= 0. 

This may be shewn (see Art. 15) to represent a circle, as 
we know ought to be the case. 

This equation may also be expressed in the following 
fonn: 



U+ V+2WcosC 



^ 
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fUa'+rb'+Wc''h2U'hc+2V'ca+2W'ab\ , , , ,, .. .\ ^ 
- ^ ^ j iagh'\'lhf+cfgyO. 

If the conic be a parabola, then (see Art. 6) this breaks 
up into two factors, one of which is the line at infinity ; and 
the other must represent the directriif, since that is the locus 
of the point of intersection of two tangents to a parabola at 
right angles to one another. 

The appearance of the line at infinity as a factor in the i 
result in this case may be explained as follows ; Every para- 
bola touches the line at infinity, and this line also satisfies ■ 
the algebraical condition of being perpendicular to any line 
whatever, since, whatever I, m, n may be, , 

a?4- Jw+cn— (6n+cm)cos-4— {cl-^an) cos5— (am+ JQ cos (7=0, 

identically. 

It therefore will form a part of the locus of the intersec- 
tion of two tangents at right angles to one another, the two 
tangents being the line at infinity itself, and any other tan- 
gent whatever. 

The directrix of the parabola is therefore representecj by 
the equation 

V+W+2U'co8A . Tr+U'+aF'cosJ?:^ 

(l+- : T r-r- fi 



a b 

. U+V+2WcosG 



7 = 0. 



21. To find the magnitude of the axes of the conic. 

Let a, )8, 7 be the co-ordinates of the centre ; and, for 
shortness' sake, put 

a-a = a?, ^-fi^y, 7-7 = ^. : 

Then if r be the semi-diameter drawn fron^ the centre to 
a, fi, 7, we have (see Art. 3, Chap, i.) 

7^= TA-%{(^<^osA.(x? + lcosB.y* + ccosC.z^ (1). 
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Again, from the equation of the cooic, 

0=^(a, ^,7) = ^(a-fa?, j8 + y, y + z) 
= i> (a, A 7) + 2a: {ua-^ w0+ vy) 

+ 2y (w'a + t;y3 + u 7) + 2^ (v'a + w')8 + 1(7) 
+ ^ (a?, y, «). 

Now, by Art 11 of the present chapter, 

U7.'\-w'P^'Vy __ w'a+vfi+u'y _ v'a + ufS + icy 
a " b ^ c 

Also, aa?+6y + c«=:a(a-a)+608-j8) + c(7-7)=O....(2); 

.'. 4> (a?, y>ss)--4> (a, A 7)> 
or, ti^ + v^ + w^ 4- 2t/ y-^ + 2vVa? 4- 2w'a?y 



if, W', V' 






w', r, 1*' 


(2A)' 


v, u\ to 


. 


u, w\ v ,' a 




w\ V, u', b 




v\ u\ Wf c 




a, h, c, 








(3). 



(See Art. 12, Cor.) 

Now the semi-axes are the greatest and least values of 
the semi-diameter. We have then to make 



4A* 

abc 



r* = acos-4 .ai'+ Jcos5.y" + ccos G.z\ 



.{i) 



a maximum or minimum, x, y, z being connected by the rela- 
tions (2) and (3). 

Multiply (2) by the indeterminate multiplier 2/i, (4) by 
\ adding them to (3), differentiating, and equating to zero 
the coefficients of each differential/ we get 
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vix + vy + u'^r + x6 cos J? . y + /a6 
v*x + v!y + t£;ir + Xc cos G, £ +fic 



{5). 



Multiplying these equations in order by x, y^ z, and add* 
iiigi we get 



u, w\ V* 




w\ V, u* 




v\ u* w 




Uy w\ V, a 


W, 17, u\ b 


v\ u\ w, c 


a, b, c, 






abo 



Substituting this value of X in equations (5), and elimi- 
nating X, y, z, fi from the equations combined with (2), we 

obtain the following quadratic for the determination of -^ : 



( 



o^cos^ 



a, 



fbs cos B \ 

[—^ — "J. 



-»■. 



— u 



a 



6, 



fcs cos G \ 



c. 



c 




= 0, 



abc 



where 8 is written for 



tt, w', 


v' 




w\ V, 


u' 




v\ u\ 


w 




u, v/, 


v', 


a 


w\ V, 


< 


b 


V, u, 


VJ, 


c 


Oy 6, 


c, 






This equation determines the semi-axes* 



AREA OF THE CONIC. 



f)7 



S3. To find tiie area of the conic. 

In the above equation, the coefficient of -^ is 

— ahc^ {a cos -Boos (7+ 6 cos C cos ^ + c cos A cos B), 
v^Lich is equal to 

(sin ^ cos £ cos C+ sin -B cos (7 cos A 



2A 



+ sin CcosA coaB) 



a^h^cV 
= -^— - sin ^ sin £ sin C= — 4A" . 8\ 

2A 

The term independent of r' is 



u, w', V, a 

w\ v, «', h 

V, u', w, c 

a, h, c, 



Hence the product of the two values of t^ is 



4AV 



s»t 



u, w', v, a 

w', V, ti\ I 

v\ u\ w, c 

a, 5, c, 



The area of the conic is, therefore, 



iirAabc 



Uf w\ V 






V)\ V, u' 




v\ u\ w 




u, w', v', 


— a 


a • 
1 


w\ V, u\ 


-6 




V, u\ Wj 


— c 




c, b, c, 








F. 



7 ^ 
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From the above investigation may be obtained the crite- 
rion which determines whether the conic be an ellipse oi 
hyperbola. For, in the hyperbola, the two values of r* have 
opposite signs, hence the curve will be an ellipse or hyper- 
bola according as 

u, w\ v\ a \ 

w', V, u\ h 

v\ u*, w, c 

a, b, c, 

is negative or positive; or according as 

Ua'+Vh'+Wc' + 2U'bc + 2r'ca + 2W'ab 
is positive or negative. 



EXAMPIJSS. 

1. Each angular poiut of a triangle is joined with eacL of 
two given points ; prove that the six points of intersection of the , 
joining lines with the opposite sides of the triangle lie in a conic. 

2. A conic is descril>ed, touching three given straight lines 
and passing through a given point; prove l^at the locus of its 
centre is a conic. 

Express, in geometrical language, the position of the given 
point relatively to the straight lines, in order that the locus of 
the centre may be a circle. 

Also find the locus of the given point, in order that the locns 
of the centre may be a rectangular hy|)erbola. 

3. Four circles are described, so that each of the four tri- 
angles, formed by each three of four given straight lines, is self- 
( onjugate with respect to one of them j prove that the four circles 
have a common radical axis. 

4. If -^, B, C, A\ B\ C be six points, such that the straiglit 
lines B'C^ C'A\ A'B^ are the several polars of the points A, £, C, 
with respect to a given conic, prove that 
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The three straight lines AA\ BB", CC\ iutersect in a point; 
and that 

The points of intersection of BC with B'C\ CA with CA\ AB 
with A'B^, lie in a straight line. 

5. If two triangles circumscribe a conic, their angular points 
lie in another conic. 

6. The equation of a conic circumsciibing the triangle of 
reference, and having its semi-diameters parallel to the sides equal 
to Tj, r^ r, respectively, is 

a h e ^ 



r*a r^P r^y 

7. A conic always touches the sides of a given triangle; 

'prove that, if the sum of the squares on its axes be given, the 

locus of its centre is a circle, the centre of which is the point of 

intersection of the perpendiculars let fall from the angular points 

of the triangle on the opposite sides. 

8. If ^ be the angle between the asymptotes of the conic, 
represented by the general equation of the second degree, prove 
that 



0, sin A, sin B, sin C 
an Ay u, w'f v' 
sin^, «/, Vy u' 
sin C, v\ u, w 



- (w + 1? + to - 2u' cos A - 2v cos B 
-2w7'co3C/tan»d = 0. 



9. Tlie two circular points at infinity may be represented by 
the equations, 

10. Prove that the area of a conic inscribed in the triangle of 
reference is to the area of the triaugle as 2ir is to t + ^ + -r i where 

«i »9 "a 

^i> ^t> ^a are the lengths of the semi-diameters parallel to a, 6, c, 
respectively. 



7—2 
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CHAPTER V. 



TRIANGULAR CO-ORDINATES. 



1. We shall now give a concise account of a system of 
co-ordinates which diflfers from that which has been the 
subject of the preceding chapters in assigning a slightly 
different interpretation to the co-ordinates. In the system 
which we are about to explain, the position of a point P is 
considered as determined by the ratios of the areas of the tri- 
angles PBC, PGA, PAB, to the triangle of reference ABC. 
If these quantities be denoted by the letters x, y, z, they will 
be connected by the identical relation 

2. In this method, as in that of trilinear co-ordinates, an 
equation of the first degree represents a straight line, and 
one of the second degree a conic. 

Again, since x i aoL \: y i h^ :: z : cy, it foUows that if 
the same straight line be represented in the two systems by 
the equations 

.*. I il'a :: m : mb :: n : nc. 

Hence we may pass from any relation among the coeffi- 
cients in the trilinear system to that in the present one, by 
writing la, mb, nc, for I, m, n, respectively. Similarly, in 
conies, we may pass from any such formula to the correspond- 
ing one, by writing 

tia', vV, u'c^ v!bc^ v'ca, w'ab, for u, v, w, u\ v, w\ 
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And, since 



U^vw-u^ 



we must write for U, bW, and similarly for V and W, 
cVr, aVW. 



Also, since 



ir=svw ^uu, 



we must write for V, a^hcU\ and similarly for V and IP, 
VcaV\eahW\ 

Hence we obtain the following synopsis of formulsB: 

The straight lines drawn through the angular points of a 
triangle, bisecting the opposite sides, are represented by 

y — «=:0, jf — ^ = 0, a:— y=sO. 
The internal bisectors of the angles, by 

y_?=o ?-^=o ?-?^=o 

be c a a 

The perpendiculars, by 

ycotJS — jscot (7=0, «cot(7 — iccot-4=s0, 
X cot -4 — y cot JS = 0. 



The distance between two points, by 
or by 



-y)}4> 



^zjn 



2 



The condition of parallelism of the straight lines 
tr + my + n-3r = 0, tx-\-my + nz=iO, is 



1, i, r^ 

1, m, m' 
1, n, n' 



= 0, 



of m/i' — rnn •\- nt — nil + Im! — I'm » 0, 
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The condition of perpendicularity, 
nta* + 2mm'6' + 2nn'c' - {mri + mn) {V + 0^-6^) 

-{Im! +rm)(a'+6'-c') = 0, 

or {(Z-m)(r-n') + (i-r?)(r-m')}a^ 
+ {(m- n) (m' - + (m-Z) (m' -Ti')} i« 
+ {(n-0 (ri'-m') + (n-w)(ri'-r)}c' = 0. 

The perpendicular distance from the point [x, y, z) to the 
line Ix + my + wjs = 0, is 

(ir + Twy + nz) 2A 



{(Z-m)(Z-n)a»+(m-n)(w-Oi» + (n-Z)(n-m)c*}^ ' 
The line at infinity will be represented by ^ + y + 2? = 0. 

3. Again, in conies we have the following formulae : 
The conic will be a parabola, if 



w\ Vf u, 1 
V, u, w, 1 



= 0, 



or if 



1, 1, 1, 



A rectangular hyperbola, if 

or (i^ + w' - v' — w') a*+ (v + t/ - w' — v!) V 

4- (t(? + 1^' — w — v') c* = 0. 

A circle, if 

t? + ti7 — 2u' __w + t^— 2v'_t^ + v — 2m;' 
~Ta^ i^ "■ c^ • 



= 0, 
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The centre is given by 



X 



w, t?, 


1 


V, u, 


1 


u\ w, 


1 



or 



.V 

u\ w\ 1 


- = 


z 
v\ u, 1 


Wy V\ 1 




u, vo\ 1 


v\ u, 1 




«?', r, 1 


.V 


• . _ , 






The equation of the asymptotes is 



u, to\ V, 1 
w\ V, u, 1 
V, u, w, 1 

1, 1, 1, 



<l> (•«'* y> «) + 



w\ V, u' 
V, u\ w 



(^ + y + 2:)' = 0. 



The radical axis of two circles 

U3^ + vy* + wz^ -I 2u ^2^ + ^vzx + 2,wxy = 0, 
1>^ + jy* + r-^* + 2p y-er + 2^zx + 2r'a?y = 0, 
is represented by the equation 



ux •]- vy -¥ wz 



px + gy + rz 



The circular points at infinity by 



— r 



* • 



a .6 c 



Other formuke may be adapted in a similar manner. 
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CHAPTER VI. 



RECIPROCAL POLARS. 



1. The theory of Beciprocal Polara, which will be 
treated of in this chapter, discusses the relations which 
exist between systems of points and straight lines which are 
the poles and polars of each other with regard to any conic ; 
and shews how from the properties of a curve, regarded as 
the locus of a moving point, may be deduced those of another 
curve which is always touched by the polar of this moving 
point with regard to a fixed conic. The theory is especially 
valuable when the conic, with respect to which the poles and 
polars are taken^ is a circle. 

2. The polar of the point of intersection of two given 
straight lines is the straight line which joins the poles 
of those straight lines. This will readily be seen to follow 
geometrically from the definitions of a pole and polar ; or it 
may be analytically proved thus. 

Let the two straight lines be represented by the equations 

/,« + mj/3 + n,7 = (1), 

l^%-\-m^-\-n^y = (2). 

At their point of intersection, we have 
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The polar of this with respect to 

x> which form every conic may, by suitable choice of the 
xiangle of reference, be reduced, is represented by the equation 

OTjTi, — mjri^ Lx + (WjZ, - n}^ i/)3 + (/^rw, - Z,mJ A7 = 0. . . (3). 

But the poles of (1) and (2) with respect to the same 
onic are given by 



K 


"»1 


"i 


La 


3//8 


-^'•y 


h 


"»i 


»t 



Both these points lie on the line (3). Hence the propo- 
Btion is proved. 

3. If a point move in any manner whatever, its polar 
will move in a manner dependent upon the motion of the 
point, and the curve which the polar always touches (its 
CHvdope, as it is called) will have certain definite relations to 
^ path traced out by the point The locus of the moving 
point and the envelope of its polar, are called the polar 
rtciproccda of one another. The use of the word reciprocal 
arises from the fact, which we proceed to demonstrate, that 
the locus of the point may be generated from the envelope 
of its polar, in the same manner as the latter curve was 
generated from the former. For shortness* sake we shall 
denote the two curves by the letters L and E. 

Let P, P' be any two points on L, the pole Q of the 
chord PP will be the point of intersection of the correspond- 
ing tangents to E (that is, of the two tangents to E which 
are the polars of P, P' with respect to the conic). Now let P' 
^ove along L up to P, then PP' ultimately becomes the tan- 
gent to i at P; moreover the polars of P and P' approach 
Indefinitely near to coincidence, and their point of intersection 
Q will ultimately be a point on JE But Q is the pole of PP, 
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hence the polar of any point on E is a tangent to L, That 
is, if a point move along E, its polar will envelope L. Ie 
other words, L may be generated from E^ bj& E was from Xf, 
In this consists the reciprocity of the curves. 

The process of generating E from i, or L from E, if 
called reciprocating L or E. 

4. If the curve L be cut by any straight line whatever, 
the polars of the several points of intersection will be the 
several tangents of E, drawn through the pole of the cutting 
line. And conversely, the several tangents drawn to L from 
any point will have for their poles the several points in which 
E is intersected by the polar of that point. 

If any two curves be reciprocated, the polar of any point 
common to both will be a common tangent to the reciprocal 
curves, and the pole of any tangent common to both wiU be 
a point of intersection of the reciprocal curves. Hence an^ 
two curves will have as many points of intersection as their 
reciprocals have common tangents, and as many common 
tangents as their reciprocals have points of intersection. 

If the curves touch one another, then two of their points 
of intersection coincide ; and consequently the two corre- 
sponding tangents to the reciprocal curves will coincide, 
and therefore the reciprocal curves will also touch one an- 
other. 

6. From what has been said above, it will be seen 
that the total number of tangents, real or imaginary, which 
can be drawn to jF or i from any point (not on the curve 
itself) is equal to the total number of points, real or imagi- 
nary, in which L or E is cut by any straight line, not a tan- 
gent to it. 

A curve, to which n tangents can be drawn through the 
same point, is said to be of the n^ class, and we may therefore 
express the above proposition by saying that the degree of a 
curve is the same as the class of its reciprocal, and the class 
of a curve the same as the degree of its reciprocal* 
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6. The number of tangents, real or imaginary, which 
4am be drawn to a conic from a given point is known to be 
"ttwa Hence, the reciprocal of a conic is intersected by a 
^yen straight line in two points, real or ima^nary, and is 
'Cherefore of the second degree, that is, it is itself a conic. 

7. This proposition may also be proved analytically as 
follows. 

Def. The conic with respect to which the poles and 
are taken is called the auxiliary conic. 

We have seen (Art. 16, Chap, ii.) that any two conies 

ij be expressed by equations involving the squares of the 

Mes only* Let then the auxiliary conic be denoted by 

ia« + if/9* + JVV = (1), 

the conic to be reciprocated by 

Za" + m)8* + wy = (2). 

If (/ flf, A) be any point on the required curve, its polar 
'with respect to (1) will be given by the equation 

Lfa + Mgfi + Nhy = 0. 

In order that this may touch (2) we must have (see Art. 
16, Chap, n.) 

^>+^^+^,. = (3). 

(3), regarding/, g,h as current co-ordinates, is therefore the 
reciprocal of (2) with respect to (1). 

Cor. It hence appears that the three points which form 
a conjugate triad for two given conies, will also form a con- 
: JT^te triad for the reciprocal of one with respect to the 
otter. 

8. To find the polar reciprocal of the conic 
tia* + v^S* + t«y + 2M'i87 + 2t; 7a + 2 w'aiS « 

^reipect to 

a* + /3* + 7»«0. 
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[The conic, a* + ^ + 7* = 0, is imaginary, but the analy- 
tical process of finding the pole of a given straight line, oCi 
the polar of a given point, may be equally well perfonnel j 
whether the auxiliary conic be, imaginary or real, providfld - 
its coefficients be real.] 

Let /, ^r, Ji be any point on the required locus, its ptdt 
with respect to the auxiliary conic is 

and in order that this may touch the given conic, we mi 
have (Art. 4, Chap. IV.) 

0, /, g, h 1=0, 
/, u, w\ V 
g, w\ V, u 
h, v\ u, w 
or, [vw — w *) /* + (wu — v") 5^ + {uv — w^ V 
+ 2 {vw — uu) gh + 2 (you — t?v') A/+ 2 (w'y' = vivP^fg = 0, 
which, adopting the notation of Chap. IV., may be written 
?//•»+ F/-I- TFA«+ 2?7'^A + 2rA/+2TF^ =0. 

This is therefore the required equation. 

It may be proved, in a similar manner, that if 

be the equations of any two conies, the equation of the reci- 
procal of the first with respect to the second is 

d-^ dyjr dyjr _ ^ 



"» 


da' 


dfi' 


dy 


d^ft 


d'<l> 


d*<i> 


d^4> 


dx' 


~da*' 


dadp' 


dady 


dyJr 


d'<f> 


d*4> 


d*<l> 


dfi' 


d^da' 


dfi" 


dfidy 


d^ 


d'<f> 


d'<f> 


d'<f> 


dy' 


dyda' 


dydfi' 


dy* 
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9. Since the tangents at the extremity of any diame- 
ter of a conic are parallel to one another, it follows that 
iite polar of the centre is at an infinite distance, and con- 
'verBely, that the line at infinity reciprocates into the centre 
<if the auxiliary conia Hence it follows that parallel lines 
Teciprocate into points lying on a straight line passing through 
lihe centre of the auxiliary conic ; and that the asymptotes 
of any curye, being the tangents drawn to it at the points 
irhere it meets the line at infinity, reciprocate into the points 
of contact of the tangents drawn to the reciprocal curve from 
fhe centre of the auxiliary conic. 

Since the asymptotes of an hyperbola are real, while those 
of an ellipse are imaginary, it follows that the tangents, drawn 
from the centre of the auxiliary conic (supposed real) to the 
reciprocal curve, will be real or imaginary, according as the 
original curve is an hyperbola or an ellipse. If it be a para- 
bda, the reciprocal curve will pass through the centre of the 
eonic, which is in accordance with what has already been 
itatedy that every parabola touches the line at infinity. Con- 
versely, if one conic be reciprocated with respect to another, 
the reciprocal curve will be an ellipse, parabola, or hyperbola, 
according as the centre of the auxiliary conic lies within, 
upon, or without, the original conic 

10. We have now sufficient materials for transforming 
any descriptive proposition, that is any proposition relating to 
the position of lines and points, without reference to consi- 
derations of magnitude, into another. Before proceeding fur- 
ther, we will give a few examples of this process. 

We will first take the following proposition. " If two of 
the angular points of a triangle move each along a fixed 
straight line, and each side pass through a fixed point, the 
three points lying in the same straight line, the third angular 
point will move along a straight line, passing through the 
intersection of the straight lines along which the other angu- 
lar points move." 

The reciprocals of the three sides of the given triangle 
will be three points, which may be considered as the angles of 
a triangle, which may be called the reciprocal triangle. Those 
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of the angular points of the first triangle will be the sides d 
the reciprocal Those of the fixed straight lines, along whkk 
two of the angular points of the first triangle move, will 
fixed points through which two of the sides of the recip; 
triangle pass. Those of the three points, lying in the 
straight line, through which the sides of the given tri 
always pass, will be three straight lines, intersecting in a 
along which the angular points of the reciprocal tri 
always move. Hence the data of the reciprocal proposii 
will be " Two of the sides of a triangle pass each throuj 
fixed point, and each angular point moves along a 
straight line, the three straight lines passing through 
same point." In the given theorem, the thing to be pro 
relates to the motion of the third angular point. To 
will correspond the third side of the reciproc^J triangle, 
the straight line, passing through the intersection of 
two given straight fines, along which the third angular poi 
may be shewn to move, corresponds a point lying in 13» 
same straight line with the two given points, and through 
this the third side will always pass. Hence, under the ar-i 
cumstances stated above as data of the reciprocal theorem,! 
" the third side will pass through a fixed point lying in the 
straight line joining the two fixed points, through which the 
first sides pass*." 

* The given theorem may be expressed, by the aid of letters, as follows: 

Let PQR be the given triangle, and let its angular point Q move alooK 
a fixed straight line OX, its angular point Jt along a fixed straight line OT* 
Also, let the straight line QR always pass through a fixed point F, BP 
through a fixed point (?, PQ through a fixed point /T, the three points jP, (?, B 
lying in the same straight line. Then the given theorem tells ns that the 
point P will always move along a fixed straight line, passing through 0. 

Now let the whole figure be reciprocated with respect to any conic section- 
Let the line which is the polar of any point be denoted by accenting the 
same single letter by which the point is denoted in the original figure ; the polac 
of P, for example, being denoted by P', Then the point of intersection of the 
lines P', Q' will be denoted by the two letters P'Q', and this will be the pdc 
of the line PQ. We have then a triangle of which the sides are P', Q', J?', 
the side Q' always passing through a fixed point 0'X\ the side Pf through a 
fixed point (/ T', Also the angular point Q^P! always moves along a fixed 
straight line F, the point RF along a fixed straight line Or, the -pcmi 
P'Q' along a fixed straight line If\ the three straight lines F', (y, H' passing 
through the same point. Then the reciprocal theorem is that the side P* will 
always pass through a fixed point lying in the line Q'. 

The student wHl find the above mode of transformation, in which > 
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Again, turn to Example 4, on page 56, and let us inves- 
-tigate the reciprocal theorem. The three conies touching 
lespectively eacn pair of the sides of a triangle at the angu- 
lar points where they meet the third side, will reciprocate 
into ''three conies passing respectively through each pair of 
ike angular points of a triangle, and touching the lines joining 
them with the third angular point," that is, the sides of the 
triangle themselves. This condition, therefore, reciprocates 
iato itself. The condition "all intersecting in a point" 
reciprocates into "all touching a straight line." Hence the 
data are, "Three conies are drawn, touching respectively 
each pair of the angular points of the sides of a triangle at 
the points where they meet the third side, and all touching 
-a straight line." 

In the matter to be proved, we may first enquire what are 
the reciprocals of "the sides of the triangle which intersect" 
(that is, which do not touch) " their respective conies." These 
will be " the angular points of the triangle not lying on their 
respective conies." The three tangents at their common 
point will reciprocate into "the three points of contact of 
their common tangents." And the meeting of the tangents 
with the sides will reciprocate into the lines joining the 
points of contact with the angular points. Hence the first 
thing to be proved is, "That the three straight lines joining 
the points of contact of the common tangent with the angu- 
lar points of the triangle not lying on the respective conies 
all pass through a point." 

Again, "the other common tangents to each pair of 
conies" reciprocate into "the other points of intersection of 
each pair of conies," and "the sides of the triangle which 
touch the several pairs of conies" into the angular points of 
the triangle "common to the several pairs of conies." Hence 
the latter part of the theorem will run : " And that the same 
three straight lines respectively join the other point of inter- 
section of each pair of conies with the angular point of the 
triangle common to each pair." 

straight line is denoted by a single letter, and a point by the pair of letters 
representing any two straight lines which intersect in it, a useful mode of 
familiarizing himself with the method of reciprocal polars. 
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11. After a little practice, the process of reciprocatiDg 
a given theorem will be found to consist simply in wiitiDg 
"straight liae" for " point," "join" for "intersect," "locirt^ 
for ** envelope," &c., and vice versd. The word "conic* 
will of course remain unaltered. 

12. Brianckon's Theorem. 

By reciprocating Pascal's Theorem (given in Art. 12, 
Chap, iil), we obtain Brianchon's Theorem, which assefti 
that 

"If a hexagon be described about a conic section^ the 
three diagonals will intersect in a point* " 

* It may be weU to append an independent proof of this important 
theorem. 

Take three sides of the hexagon as lines of reference, and let the eqnatioDS 
of the other three be 

o+wii)5+ni7=0, iJ2O+/3+nj7=0, l^a+m^+y=0. 

Let the equation of the conic be 

(Z;a)4 + (3f/3)i+(iV7)4=0. 
The conditions of tangency are 

J&+— +— = 0, 



ttlt 



whence 



1. 



ffh 



I 

'7 



1. ^ 



n. 



=0. 



1, 1, 1 

The Hne passing through the intersections oi p=0 with (I,, m^, 1) and of 
7=0 with {l^t 1, n^) is represented by the equation 

Similarly, the other two diagonals are represented by 

mi ffig 

"1 »« 
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The student will find it useful to transform, by the 
method of reciprocal polars, the special cases of Pascal's 
Theorem, given in Art. 13, Chap. ill. ; and to obtain a geo- 
metrical construction by which when five tangents to a conic 
are given, their points of contact may befon/nd. 

13. The anharmonic ratio of the pencil formed by four 
intersecting straight lines is the same as that of the range 
formed by their poles. This may be proved as follows. 

Let OP, OQ, OB, OS be the four straight Unes, P', Q\ 
i', 8' their poles, which will lie in a straight line, the polar 




Fig. i8. 

of 0; let P, Q, R, 8 be the points in which the pencil is 
cut by the transversal FQ'E8\ 

Let this transversal cut the conic in K^, K^. Bisect 



whence, if these intersect in 
a point, 



1 i i 
i 1 -i 
i i 1 



=0; 



the same condition as. that already investigated. 



% 
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K^^ in F. Then, since PK^FK^ is divided hannonically 
in P, Z;, P\ K^ (Art. 21, Chap, n.), it follows that 

whence 

(FP- Fff;)(Fz,+ FPO = (FP+ fztjcfk;- FP), 

which since FK'j = FK',, reduces to 

FP. fp':=fk;», 

which, by similar reasoning, 

^VQ. VQ--VR. F5'= F/Sr. FF. 

Hence the eight points P, Q, P, /8f, P', ^, R, S' are in an 
involution, of wluch JTj, K^ are the foci, and therefore 
(Art. 27, Chap. I.) 

{O.P(2Pflf} = [P'(2'P'fir]. 

14. In Art. 13, Chap. i. we saw that the condition that 
the three points {l^, m^, nj, (Z„ m,, n,), (Z„ mg, n^ shall lie 
in the same straight line is identical with the condition that 
the three straight lines {l^, m^, nj, (Z,, m,, w,), (Z,, m,, nj 
shall intersect in the same point. Now these several points 
and lines are respectively the poles and polars of each other, 
with respect to the imaginary conic 

Thus the theory of reciprocal polars explains the fact 
that the condition for three points lying in a straight line 
is identical with that for three straight lines intersecting in 
a point. It also explains the identity of conditions noticed 
in Chap. II. Arts. 7 and 9. 

For the reciprocal of the conic 

W + fJ'0' + iJ'f/--2fivl3y-2v\/y(i-2Xfi2/5^O (1), 

with respect to 

will be found to be 

^i37 + f*7a + va3 = Q • ^. 
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And the polar of (/, g, K) is fa'{-g/3+ A7 = 0. ' 

Hence if the line fa+gl3 + hy = touch (1), the point 
/, flr, h) lies in (2), giving for the condition of tangency 

And if the line foL+g/3 + h/Y = touch (2), the point 
(/» 9, h) lies in (1), giving for the condition of tangency in 
that case 

xy* + fiY + i^h^ - ^fivgh - 2i/XA/- 2\ft^ = 0. 

These conditions of tangency are identical with those 
already investigated. 

Again, every parabola touches the line at infinity. Now 
the co-ordinates of the pole of this line are proportional to 
a, 6, c. Hence, if the conic, represented by the general 
equation of the second degree, be a parabola, the point 
(a, h, c) must lie in the reciprocal conic. This gives, as the 
condition for a parabola, 

Ud? + F&" + Wc* + 2U'hc + 2V'ca + 2Tra6= 0, 
the same as that already investigated^ 

15. Prop. Any straight line drawn through a given 
plane A is divided harmonically by any conic section, and the 
polar of A with reject to it. 

This proposition may be proved as follows. Let the 
straight line cut the curve in P and Q, and the polar of A in 
B. Let C be the polar of the straight line, and let ABG be 
the triangle of reference. The conic will be self-conjugate 
with respect to ABC, and will therefore be represented by 
the equation 

Hence the lines CP, CQ, which are tangents to the conic, are 
■represented by the equation 

^d therefore form an harmoaiQ pencil m^ A, CB. 
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16. The straight line CB may be regarded as the polar 
of A with respect to the locus made up of the two straight 
lines CP, GQ. For the values of ^ and 7 at -4. being 0, 0, 
and the equation of CP, CQ being uo? + vfi* = 0, we get for 
the equation of its polar, a = 0, that is, the polar is the 
line AB. 

17. If four straight lines form an harmonic pencil, either 
pair will be its own polar reciprocal with respect to the other. 
For, adapting the equation of Art. 8, to the case of two 
variables only, we get for the polar reciprocal of afi = 0, with 
respect to uo? + v^ = 0, the following equation, 

0, ui, v/S 
U2j 0, 1 =0, 
t;y3, 1, 

or uva$ = 0. 

And, conversely, for that of uo? 4- v^ = with respect 
to 0)8 = 0, 



-0, 



or ui^'\-v^ = 0, in either case reproducing the reciprocated 
curve. Hence the proposition is proved. 

18, We may hence deduce the condition that two pairs 
of straight lines may form an harmonic pencil. First let 
them all intersect in A, and the equations of the two 
pairs be 

wa'+t;)8*+2i(7'ai8 = (1), 

i>aH?i8' + 2/ai8 = (2). 

The polar reciprocal of (1) with respect to (2) is 

0, pa + r'A /a + jj8' 
pi+r'^, u, vi =0, 

r'a, + 2)8, ta', v 



0, 


/3, 


a 


i8. 


«. 





a, 


0, 


V 
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i or u(ra'hql3)* + v(pa + vl3y-2w(ra + ql3)(pa + rl3)=^0. 
*: Suppose that 

identically, i e. that 

At the point of intersection of the line a + Arj)9 = 0, with 
y = 0, we nave 

^ = -i8, 7 = 0. 

Taking the polar of this with respect to the curve (2) 
we get 

If this be identical with oe + kfi = 0, we get 

or pkjc^-2v (A?i+A;J+j = 0; 

.*. pv — 2rvf + gu = 0, 

the required condition. 

The symmetry of this equation shews that (2) is also its 
own polar reciprocal with respect to (1), as ought to be the 
case. 

19. If the point of intersection of the four straight lines 
do not coincide with one of the angular points of the triangle 
of reference, we have then only to express the condition that 
the range formed by their intersection with any one of its 
sides, 7 = 0, for instance, be an harmonic range. If this be 
the case, the .pencil formed by joining these four points 
with G will be an harmonic pencil, and we shall have, as 
before, 

jpi? — 2rW + JM = 0. 
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20. We next proceed to consider the results to be de- 
duced from the theory of reciprocal polars, when the aux- 
iliary conic is a circle. It is here that the utility of theory is 
most apparent, as we are thus enabled to transform metricd 
theorems, i.e. theorems relating to the magnittuies of lines 
and angles. 

We know that, if PQ be the polar of a point T with 
respect to a circle, of which the centre is 8 and radius k, 
then ST will be perpendicular to PQ. Let ST cut PQ in F. 
Then 

ST.SV=k\ 

Hence the pole of any line is at a distance from the centre 
of the auxiliary circleinversely proportional to the distance of 
the line. And conversely, the polar of any point is at a dis- 
tance from the centre of the auxiliary circle, inversely propor- 
tional to the distance of the point itself 

21. If TX, TY be any two indefinite straight lines, 
P, Q their poles, then, since SP is perpendicular to TX^ 8Q 
to TYy it follows that the angle P8Q is equal to the angle 
XTY or its supplement, as the case may be. Hence, the 
angle included between any two straight lines is equal to the 
angle subtended at the centre of the auxiliary circle by the 
straight line joining their poles, or to its supplement 

22. From what has been said in Art. 15, and the earlier 
articles of this chapter, it will appear that to find the polar 
reciprocal of a given curve with respect to a circle, we may 
proceed by either of the following two methods. 

First Draw a tangent to the curve, and from jS, the 
centre of the auxiliary circle, draw ;SF perpendicular to the 
tangent, and on SY, produced if necessary, take a point Q, 
such that SQ . ST = F. The locus of Q will be the required 
polar reciprocal. 

Secondly. Take a point P on the curve, and join SP; on 
SP, produced if necessary, take a point Z, such that 

SP.SZ=J^. 

Through Z draw a straight line perpendicular to SP. The 
envelope of this line will be the requured polar reciprocal 
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23. It wiU be observed that the magaitude of the radius 
of the auxiliary circle aflfects the absolute, but not the relative, 
magnitudes or positions of the various lines in the reciprocal 
figure. As our theorems are, for the most part, independent 
of absolute magnitude, we may generally drop all considera- 
tion of the radius <^ the auxiliary circle, and consider its 
centre only. We may then speak of reciprocating " with re- 
spect to 8" instead of " with respect to a circle of which 8 is 
the centre.** 8 may be called the centre of reciprocation, k the 
constant of reciprocation. 

24. As an example of the power of this method we will 
leciprocate the following theorem, " The three perpendiculars 
from the angular points of a triangle intersect m a point." 

This may be expressed as follows : *' If 0, -4, B, C be 
four points, such that OB is perpendicular to CA, and 0(7 to 
AB, then will OA be perpendicular to £CJ* 

Reciprocate this with respect to any point 8, and the four 
points 0, A, B, C give four straight lines, which we may call 
each by three letters ahc, ab'c\ doc, dVc, respectively. Then, 
the fact that OBia perpendicular to CA is expressed by b and 
6' subtending a right angle at 8, or by bSb' being a right 
angle. Again, the fact that OG is perpendicular to AB, 
shews that cSc' is a right angle. Then the reciprocal theorem 
tells us that a8a' is abo a right angle. We may express this 
more neatly as follows : aa\ bb\ cc , are the diagonals of the 
complete quadrilateral formed by the four straight lines, hence 
it appears that at any point at which two of the diagonals of 
a complete quadrilateral subtend a right angle, the third 
diagonal abo subtends a right angle. Or, in other words. 
The three circles, descried on the diagonals of a complete quad- 
rikieral as diameters, have a comm^on radical aads. 

The extremities of this axis may be conveniently called 
the /oci of the quadrilateral*. 

25. If the system formed by the four points 0, A, B, C 
he reciprocated with respect to any one of them, for in- 
stance, the triangle thus obtained wUl be similar, and similarly 
situated, to that formed by the other three points A, B, C» 

* This name is proposed by Mr Clifford, in the Meuenger of MatJtematict, 
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For if on OA, OB, OC respectively (produced if neces- 
sary), we take points A\ B, G\ so that 

OA . OA*^ OB. OB^ 00. 0G\ 

and through A\ B\ C draw YZ, ZX, XY, severally at right 
angles to 0A\ OB, 0G\ then YZ, ZX, XYaie respectively 
parallel to BC, CA, AB, or the triangle XYZ is similar and 
similarly situated to the triangle ABO. 

We may observe further, that the point X, since it is the 
intersection of the polars of B and U, is itself the pole of 
the line BG, and therefore OX is perpendicular to BG, that 
is to YZ. Similarly, OF, OZ, are respectively perpendicular 
to ZX, XY. Hence, is the intersection of the perpendicu- 
lars dropped from X, Y, Z on YZ, ZX, XF respectively. It 
may be convenient to call the point of intersection of the 
perpendiculars let faU from the angular points of a triangle on 
the opposite sides, the orthocentre of the triangle, or of its 
three angular points. Here we may say that " If a triangle 
be reciprocated with respect to its orthocentre, the reciprocal 
triangle will be similar and similarly situated to the given 
triangle, and will have the same orthocentre." 

It will be seen by Art. 19, that any three points and 
their orthocentre, reciprocated with respect to any point 8, 
give a quadrilateral, oi which Si& & focus. 

26. If any conic be reciprocated with respect to an ex- 
ternal point S, the angle between the asymptotes of the re- 
ciprocal hyperl3ola will be the supplement of that betwe^i 
the tangents drawn from S to the conic. (See Art. 9 of this 
chapter.) 

Conversely, if an hyperbola be reciprocated with respect 
to any point 8, we obtain a conic, which subtends at fi* an 
angle the supplement of that between the asymptotes of the 
hyperbola. 

27. From the last article it follows that, if a parabola 
be reciprocated with respect to any point 8 on its directrix, 
we obtain a rectangular hyperbola, passing through 8. 

If a rectangular hyperbola be reciprocated with respect to 
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any point Son its circumference, we obtain a parabola whose 
directrix passes through 8. 

Again, if a conic be reciprocated with respect to any point 
on its director circle (i. e. the circle which is the locus of the 
intersection of two perpendicular tangents) we obtain a rect- 
angular hyperbola. 

If a rectangular hyperbola be reciprocated with respect to 
any point 8 not on the curve, we obtain a conic, whose di- 
rector circle passes through 8. 

28. It is known that the conies passing through the four 
jwints of intersection of any two rectangular hyperbolas, is 
itself a rectangular hyperbola; and also that any one of these 
four points is the orthocentre of the other three. If, then, we 
reciprocate these theorems with respect to any one of the four 
points of intersection, we obtain the theorem that, "If a 
parabola touch the three common tangents of two given para- 
bolas, its directrix passes through the intersection of the di- 
rectrices of the two given parabolas, that is, through the 
orthocentre of the triangle formed by their common tangents." 
In other words, " If a system of parabolas be described, touch- 
ing three given straight lines, their directrices all pass through 
the orthocentre of the triangle formed by the three given 
straight lines." 

Again, reciprocating this system of rectangular hyperbolas 
with respect to any point 8, we get, " All conies, which touch 
four given straight lines, subtend a right angle at either focus 
of the quadrilateral formed by these four straight lines." Or, 
in other words, "The director circles of all conies which 
touch four given straight lines, have a common radical axis, 
which is the directrix of the parabola which touches the four 
jiven straight lines." 

29. To find the polar reciprocal of a circle with respect 
5o any point 

From what has already been shewn, we know that this 
viU be a conic; we have now to investigate its form and 
position. 

Let 8 be the centre of reciprocation, h the constant of 
^ciprocation, MPM! the circle to be reciprocated, its centre. 
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MM* its diameter passing through 8, p its radios^ and let 




t 



Fig. 19. 

Through 8 draw any straight line cutting MPM' in P 
and Q, 

On 5PQ, produced if necessary, take two points Y and 
Zj such that 

8P.8Y^8Q.aZ^V. 

The straight lines drawn through F and Z perpendicular to 
SP will be tangents to the reciprocal conic. 



Now 



8Y.8Z^ 



Jc' 



k' 



8P.8Q p'-c'' 

which is constant. Hence, the reciprocal is a conic of such 
a nature that the rectangle under the distances from iSof any 
two parallel tangents is constant. It is therefore a conic, of 

which 8is Q, focus, and of which the axis-minor is ? . 

It will be an ellipse, parabola, or hyperbola, according as p 
is greater than, equal to, or less than c, that is, according as 
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the Centre of reciprocation lies within, upon, or without, the 
circle to be reciprocated. This agrees with what has been 
Uready shewn, Art. 9. 

Let 2a, 2&, be the axes of the conic, 21 its latus-rectum, 
^ its eccentricity. 

; To determine their magnitudes, we proceed as follows, 
the axis^major will be in the direction oO. Let A, A' be 
ts extremities. 

™ 2_ 1 J SM+8M _2p 

^^^^ I'^'Bl'^SA'" h? "it*- 

Hence, Z = — , or the latus-rectum is inversely propor- 
ional to the radius of the circle. 

Again, 





"- I ■ 


P*- 


-d" 




e» = l- 


a" 






= 1- 


k* 
P'- 


(p'-cy 

c* ky 




~P*' 






or 


c 

e — -. 

P 







Thus the eccentricity varies directly as the distance of 
the centre of the circle from the centre of reciprocation, and 
pnversely as the radius of the circle. 

|. If d be the distance from S of the corresponding directrix, 

e p c c ' 
% the directrix is the polar of the centre of the circle. 

30. We have now the means of obtaining, from any 
'^perty of a. circle, a focal property of a conic section. 
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Take, for example, Euc. III. 21. This may be expressed as 
follows : "If three points be taken on the circuinference of 
a circle, two fixed and the third moveable, the straight lines 
joining the moveable point with the two fixed points, make 
a constant angle with one another." This will be recipro- 
cated into " If three tangents be drawn to a conic section, 
two fixed and the third moveable, the portion of the move- 
able tangent intercepted between the two fixed ones, subtends, 
a constant angle at the focus." This angle will be found, laj 
reciprocating Euc. III. 20, to be the complement of one-half 
of the angle subtended at the focus by the portion of the 
corresponding directrix intercepted between the two fixed 
tangents. 

Again, it is easy to see that " if a circle be described 
touching two concentric circles, its radius will be equal to 
half the sum, or half the difference, of the radii of the given 
circles, and the locus of its centre will be a circle, concen- 
tric with the other two, and of which the radius is half the 
difference, or half the sum, of the radii of the two given 
circles." 

Hence we deduce the following theorem. "If two conies 

have a common focus and directrix, and their latera-recta be 

2?, 2V, and another conic, having the same focus, be described 

4B' 
so as to touch both of them, its latus-rectum will be -j — = , 

and the envelope of its directrix will be a conic, having the 
same focus and directrix as the given conies, and of which 

the latus-rectum is , _ „ ." 

I + I 

Again, take the ordinary definition of an ellipse, that it 
is the locus of a point, the sum of the distances of whidi 
from two fixed points is constant. This is equivalent to 
" the sum of the distances from either focus, of the points of 
contact of two parallel tangents, is constant." 

The reciprocal theorem will be, *' If a system of chords 
be drawn to a circle, passing through a given point, and, at 
the extremities of any chord, a pair of tangents be drawn to 
the circle, the sum of the reciprocals of the distances of 
these tangents from the fixed point is constant." 
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The known property of a circle, that 'Hwo tangents make 
equal angles with tiieir chord of contact/' will be found, when 
transformed by the method now explained, to be equivalent 
to the theorem that " if two tangents be drawn to a conic 
from an external point, the portions of these tangents, inter- 
aepted between that point and their points of contact, sub- 
tend equal angles at the focus." From the fact that ''all 
axdes intersect in two imaginary points at infinity," we learn 
that ** aU conies, having a common focus, have a common 
fttir of imaginary tangents passing through that focus." And, 
more generally, we may say that all similar and similarly 
sitoated conies reciprocate into a system of conies having two 
eommon tangents. 

31. Two points, on a curve and its reciprocal, are said 
to earrespond to one another when the tangent at either 
point is the polar of the other point. Two tangents are said 
to correspond when the point of contact of either is the pole 
of the other. 

The angle between the radius vector of any point (drawn 
from the centre of reciprocation), and the tangent at that 




Pig. 10. 

point, is equal to the angle between the radius vector of, 
and tangent at, the corresponding point of tiie reciprocal 
curve. 

For, if P be the given point, P7 the tangent at P, and S 
the centre of reciprocation, and SYhe perpendicular to PY; 
and if F be the pole of PT, and P F the polar of P, then 
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jP will lie on iSTJ produced if necessary ; and if 8Y^ be per- 
pendicular to F'Y^, SY' will pass through P. Hence, smce 
SP, PYy are respectively perpendicular to P*Y\ 8P\ it 
follows that the angle SPY is equal to the angle SP'Y. 

32. We have investigated (Art. 10, Chap, rv.) the equa- 
tion of the two tangents drawn to a conic from any given 
point (/, g, h). In the right-hand member of that equa- 
tion we substitute for 0, o) {aa -hb^ + cy)\ a> being an arbi- 
trary constant, we shall obtain the general equation of all 
conies of which these lines are asymptotes. Now, since the 
asymptotes of the reciprocal conic with respect to {/, g, h), 
are respectively at right angles to the two tangents drawn 
from {/, g, A), it follows that the family of conic^ thus ob- 
tained will be similar in form to the reciprocal conic. 

33. To find the co-ordinates of the foci of the conic repn- 
sented hy the general equation of the second degree. 

Since the reciprocal of a conic with respect to a focus is 
a circle, it will follow from Art. 32 that the family of conies 
obtained as above must, if (/, g, h) be a focus, be circles also. 
Applying the conditions for a circle investigated in Art. 14, 
Chap. IV., it will be found that the terms involving gd dis- 
appear of themselves, and our conditions assume the form 

{Uh^'\-Wf'-2Vhf)(?-\-(Jf^-^Ug'-2Wfg)V 

-f 2 {UT + TIgh - TT'A/- V'fg)h 
^{yf+Ug'-2Wfg)a^+(Wg'+VV-W'gh)(? 

^2(Vy+Vhf^Ufg^Wgh)m 

= (Wg'+Vh*^2irgh)b' + {Uh^+Wf'-'2rhf)a' 

+ 2(jrh'+Wfg^rgh^U'hf)aJb. 
Or 

{Vb'+ Fc*+2£ric)/*-2(rc+ Wb)f(bg+ch) + U(J>g+dif 
= (TTc^-i- ira»+2 rca)/-2 (Fan- U'c)g{ch+af) + V{ch-\'af) 
=^{Ua^+n'+2Wab)V^2{U'b+ra)h(af+bg)+Wiaf+bgy 
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nations which, since af-\- hg-Vch^ 2 A, may also be written 
ider the form 

- 4A {V'c + W'b + Ua)f+4^U. A» 

-4A(Tra+ iro+ FJ)^ + 4F. A' 
^(Ua*+rb*+W(? + 2Trbc + 2rca + 2W'db)h* 

-4A(I7'i+ Fa+ Tfb)A + 4Tr.A». 
The equations, together with 

a/*+Sflr + cA = 2A, 

determine the co-ordinates of the foci. It will be seen that 
they give four values of /, g, h, two of which are real, two 
imaginary. 

If the conic be a parabola, then, applying the condition of 
Art. 6, Chap, iv., these equations reduce to 

{rc+ Wb+Ua)/- DA = (Tra+ irc-\' Vb)g^ FA 

= (JJ'b+ ra+ Wc) A- TFA,, 
which give the focus in that case. 

If the equation 

tia? + vy* + wjs^ + 2u'yz + 2v'za! + 2w*xy = 0, 

be expressed in triangular co-ordinates, we get, for the co- 
)rdinates of the foci, the equations 

(i7+F+F+2£r4-2F4-2TF0/'-2(r+F^+tr)/4-?7 

a' 
([7+F+F+2J7'+2F'+2F')p'-2(TF'+J7'+F)^+F 

(tr+F+Tr+2 g7'+2r+2Tr)fe*-2(?7'+7'+TF)ft+F 

_ ^ ^ ^, 



128 TRILINKAR 00-ORDINATES. 

or, if the conic be a parabola, 

a^ - V 

2(rr+F'+Tr)A-Tr 



(? 



34. Interesting results may sometimes be obtained by a 
double application of the method of reciprocal polars. Thus, 
the theorem that " the angle in a semicircle is a right angle" 
may be expressed in the form that " every chord of a circle, 
which subtends a right angle at a given point of the curve, 
passes through the centre." Keciprocating this with respect 
to the given point, we get 

" The locus of the point of intersection of two tangents to 
a parabola at right angles to one another, is the directrix.*' 

Now, reciprocate this with respect to any point whatever, 
and we find that 

" Every chord of a conic which subtends a right angle at 
a given point on the curve, passes through a fixed point" 

Again, take Eua ill. 21. This may be expressed under 
the form "If a chord be drawn to a circle subtending a con- 
stant angle at a fixed point on its circumference, it always 
touches a concentric circle." Reciprocating this theorem with 
respect to 0, we get " If two tangents be drawn to a para- 
bola containing a constant angle, the locus of their point of 
intersection wUl be a conic, having a focus and directrix in 
common with the given parabola." Reciprocate this, with 
respect to any paint whatever, and we get, "If a chord be 
drawn to a conic, subtending a constant angle at a given 
point on the curve, it always touches a conic having double 
contact with the given one. 

Examples. 

1. Having given a focus and two points of a conic section, 
prove that the locus of the point of intersection of the tangents at 
these points will be two stradght lines, passing through the focus, 
tand at right angles to each other. 
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2. Prove that four conies can be described with a given focus 
and passing through three given points, and that the latus-rectum 
of one of these is equal to the siun of the latera-recta of the other 

three. 

3. On a fixed tangent to a conic are taken a fixed point J^ 
find two moveable points F, Q, such that AF, AQ subtend equal 
angles at a fixed point 0. From P, Q are drawn two other tan« 
gents to the conic, prove that the locus of their point of inters 
section is a straight line. 

4. Two variable tangents are drawn to a oonic section so that 
the portion of a fixed tangent, intercepted between them, subtends 
a right angle at a fixed point. Prove that the locus of the point 
of intersection of the variable tangents is a straight line. 

li the fixed point be a focus, the locus will be the correspond- 
mg directrix. 

« 

5. Chords are drawn to a conic, subtending a right angle 
at a fixed point ; prove that thej all touch a conic, of which that 
pomt is a focus. 

6. Three given straight lines BC, CA^ AB are intersected by 
two other given straight lines mAx^A^\B^y B^\ Ci, (7, respectively. 
Prove that a oonic can be described touching the six straight lines 
U^UA^BB^BB^CC^CC,. 

7. A^B^CfS are four fixed points, SD is drawn perpendicular 
tO/S^i, intersecting BC in 2>, SE perpendicular to i^B, intersecting 
CA in j&, SF perpendicular to SCy intersecting AB in F, Prove 
that 2), j^, J' lie in the same straight line. 

Prove also that the four conies which have S sls a, focus, and 
which touch the three sides of the several tiiangles ABC, AEF^ 
BFD, CDF have their latera-recta equal. 

8. Two conies are described with a common focas and their 
corresponding directrices fixed ; prove that, if the sum of the re- 
ciprocals of their latera-recta be constant^ their common tangents 
^ touch a conic section. 

9. A conic is described touching three given straight lines 
•5c, CA, AB, so that the pair of tangents drawn to it from a given 
pomt 0, are at right angles to each other. Prove that it will 
^ways touch another fixed straight line j and that, if this straight 

Jt. % 
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line cut BC, CA, AB vo, D, E^ F respectively, each of the a 
4OD, BOE, COFiB a right angle. 

Prove also that the polar of with respect to this coni( 
always touch a coniC| of which is a focus, 

• ■'-■.• 

10. 0-4, OB are the common tangents to two conies hav 
common fi)cus Sj CA, CB are tangents at one of their points ( 
tersection, BD, AE tangents intersecting (7-4, GB ia I>,E. 1 
that S, J), E^Q ia the same straight line, 

11. Any triangle is described, self- conjugate with regarc 
given conic ; prove that, if a conic be described, touching the 
of this triangle, and having the centre of the given conic 
focus, its axis-minor will be constant. 

12. Prove that two ellipses, which have a common focus 
not intersect in more than two points. 

13. If a system of conies be described, passing through 
given points, four fixed straight lines may be found, such 
the chord of each, intercepted by any conic of the system, 
tends a right angle at one of the x>oints« 

14. If a parabola be reciprocated with respect to any c 
the radius of curvature of the reciprocal conic, at the origin, ^ 
inversely as the latus-rectum of the parabola. 

15. If the two pairs of straight lines represented bj 
equations 

mt* + VjS* + 2w'aP = 0, 

2>a' + qr* +2/aj8 = 0, 

form a harmonic pencil, the two straight lines of each pai 
being conjugate, prove that 

{uq-^-vp- 2wyy = 36 {uv - w'^) {pq - /«). 



^7 



( m > 
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1. In the systems of co-ordinates with which we have 
hitherto been concerned, we have considered a point as de- 
termined, directly or indirectly, by means of its distances 
from three given straight lines; and we have regarded a 
curve as the aggregation of all points, the co-ordinates of 
which satisfy a certain equation. It is equally possible, how- 
ever, to consider a straight line as determined by means of 
its distances from three points,, which distances may be- 
termed its co-ordinates; and to regard a curve as the en- 
velope of all straight lines, the co-ordinates of yrhich satisfy 
a certain equation. 

This system is closely connected with the theory of reciprocal 
polars. In flEU^t, it may be looked upon as a means of so inter- 
pretating equations as at once to obtain the results which the 
method of reciprocal polars would deduce from the ordinary me- 
thod of interpretation. The equations are the reciprocals of those 
described in Chapter v. with respect to ic* + y' + «* = 0. 

We may then define the co-ordinates of a straight line 
to be the perpendiculars let fall upon it from three given 
points Ay B, C. The lengths of these perpendiculars we will 
denote by the letters p, q, r, respectively, the lengths BC, 
G4, AB being represented as before by the letters a, b, c, 
*^d the angles of the triangle of reference ABC being de- 
moted by -4, B, G, and its area by A. 

2. Any two co-ordinates, q^ and r for example, will be 
onsidered to have contrary signs if the line of which they 
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are the co-ordinates cuts the line BG ia b. point lying be- 
tween B and C, otherwise to have the same sign. Thus, 
the internal bisector of the angle A has its co-ordinates of 
contrary signs, the external bisector of the same sign. The 
sign of p relatively to q and r will be determined in the 
same manner. 

If D be any point on the line BG, q,r the co-ordinates of 
any line passing through it, and BD = a^, CD -■ a,, distances 
measured along the line BC from B to G being considered 
positive, and from C U>B negative^ it will readily be seen that 



Since this is a relation between the co-ordinates of any line 
passing through the point B, it may be considered as the 
equation of the point I). 

If D be the middle point of BG, a^ = --a^, hence it ap- 
pears that the middle points of the sides of the triangle of 
reference are represented by the equations, 

J + r = 0, r +JP =0, jp + J = 0. 

It may also be proved that the points where the internal. 
bisectors of the angles meet the opposite sides, are repre- 
sented by 

The points where the external bisectors of the angles 
meet the opposite sides, by 

6j — cr = 0, cT^ap^O, ap-^hq^O. 

The feet of the perpendiculars from the angular points on 
the opposite sides, by 

q tan B + r tan (7= 0, r tan C+p tan -4 = 0, 
p tan -4 + j.tan 5= 0. 

The points of contact of the inscribed circle, by 
where 2s==a-{-b + c. 
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3. We shall next prove the following proposition ; that 
if O be anj given point within the triangle ABC, then the 
co-ordinates p, q, r (their signs being taken in the manner 
alread J explained) of any straight line QPR, passing through 
it^ will be connected by the following equation, 

ABOC.p + ACOA.q + AAOB.r==0. 




Fig. 21. 

Let the triangular equation of QPR be 

£» + wiy + n« = 0, 
and the trilinear co-ordinates of 0, f , fj> K- 

Then f : i; : r :: A^OG : i^COA : HAOB. 
And, since lies on QPi2, 

7f + wii;H-nf=0. 

Again, since p is the distance from the point (1, 0, 0) to 
the line, (Z, m, w), 

Similar equations hold for Q and R, hence 



I 



m n 



or pf+^i7-i-»f=0, 
whence ABOG.p + A COA .q + AAOB.r^O. 

This equation may be regarded as the equation of the 
point (?. 



CL31 TttiUNEAB CO-ORBInATHS. 

A similar equation may be proved to hold for any ^oint 
•without the triangle, BOG being considered negative, if A 
^nd (? be on opposite sides oi BU. 

The following are the equations of some important points 
connected with the triangle of reference : 

Centre of gravity, ^ + j + r = 0. 

Centre of circumscribing circle,psin2-4+g'sin2i?+rsin 2(7= 0. 

Centre of inscribed circle, op + Jj + cr = 0. 

Centres of escribed circles, 

— ap'^bq + cr^O, 

ap — hq + cr^ 0, 

op 4- Jj — cr = 0. 
Orthocentre, 

p tan A + q tan B + r tan G= 0. 

4. We proceed to investigate the identical relation which 
holds between the co-ordinates of any straight line. 

Let any straight line cut the sides AB, A Cot the triangle 
of reference in D, E. From A, B, G let fall AP, BQ, OR, 
perpendiculars on the line, then BQ = j, GR=^r, AP = —p. 

Let the triangular equation of RPQ referred to ABC as 
triangle of reference, be 

Then, as shewn in the last article, 
(Z.2A)'= {(Z-^n) (Z-w)a'+(?w,-n) (m-Z)J»+(n-Z) {n-'m)d'}p\ 
Similar equations holding for j' and r*, we get 

^, (2A)^ 
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Fig. 2i» 

whence 

(JP — ?)(l> -^) «*+ (?-^)(2' -P) *' + (^-p) (»•■"?) c' = 4A*, 

the required relation between the co-ordinates of any straight 
line whatever. 

» 

This may also be expressed in the form 

0, 1, 1, 1, 

1, 0, c\ h\ p 
1, c^ 0, a\ q =0, 
1, b\ a\ 0, r 
0, p, q, r, 1 

as may be found by evaluating the determinant. 

Cor. Since the line at infinity may be considered a9 
equidistant from A, B, and C, it "will be represented by the 
equations ^ = g = r. 

• ■ ft 

6. To find the distance from ike point Ip + mq + nr = 0, 
to the line (Pj, q^, rj. 

By what has been shewn above, it appears that the tri-^ 
anguku: co-ordinates of the point are 

I 



m 



n 



i + m + w' i + w» + n' Z + w + w* 
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And the triangular equation of the line 

Hence^ if S be the distance between them, 

Cor. Hence, if p be the radius of a circle, ?/H-wg+nr=0 
the equation of its centre, the circle, being the envelope of a 
line whose distance from the centre is constant, will be repre- 
sented by the equation 



/2AY flp + mq-h nr \* 
^\pJ \ l + m + n r 

6. An equation of a degree, higher than the first, may 
be regarded as representing the curve which is touched by all 
the straight lines, the co-ordinates of which satisfy the equa- 

, tion of the curve. Adopting this mode of interpretation, the 
values of the ratios p : q : r which simultaneously satisfy 
two given equations will be the co-ordinates of the common 
tangents to the two curves represented by these equations, 
and the values obtained by combining any given equation 
with an equation of the first decree, will represent aU the 
straight lines which pass through the point represented by 
the equation of the first degree, and which touch the curve. 
From this it follows, that an equation of the n^ degree will 
represent a curve such that n tangents, real or imaginary, 
can be drawn to it fi:om any point, that is, a curve of the 
n^ class. 

It will hence follow that every equation of the second 
degree represents a conic. We may proceed to consider some 
of its more interesting special forms. 

7. To find the equation of a conic which touches tiie three 
sides of the triangle of reference. 
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The oo-ordinates of the sides of the triangle of reference 

j«0, r = for BG, 
r«0, p^Q for CA, 
p « 0, J = for AB. 

Hence, the equation of the required conic must be satis- 
fied whenever two out of the three co-ordinates jp, y, r are = 0. 
It must therefore be of the form 

Lqr-k-Mrp + Npq^ «= 0. 
The equations of the points of contact are 



1+ 


r 


0, 


i,^ 


P _ 
L~ 


0, 


i* 


9- _ 
M~ 


= Q. 



These may be established as follows: If in the given 
equation we make Mr + Nq = 0, we obtain either y = 0, or 
r 3s 0. It hence appears that the tangents drawn through 
the point Mr-k-Nq = 0, pass either through the point j = 0, 
or through the pomt r = 0. But the three points 

lie in the same straight line ; hence the tangents drawn from 
Mr-^-Nq = coincide, that is, it is the point of contact of the 
tangent for which j = r = 0. Similarly for the other two 
points of contact. 

It will hence appear, by reference to the equations of the 
points 'of contact of the inscribed circle, given in Art. 2, that 
that circle is represented by the equation 

(*-a) jr + (« -.6) rp + («- c)^2 = 0. 
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The escribed cirdes will be represented as folio wbt^ 
— sqr + (<? — c) ry + (« — i) i^y = 0, 
(5 — c)qr'- srp + (« — a) pj = 0, 
(s — b) qr -\- {s — a) rp — spq = 0. 

8. ,To find the equiUian of a conic circumscribed ahovt 
ijie triangle of reference. 

The equations of the angular points of the triangle of 
reference arep = 0, 5 = 0, ^•=0. Now, since each of these 
points lies on the curve, the two tangents drawn through any 
one of them myst coincide, hence when: any one of .these 
quantities is put = 0, the remaining equation must have two 
equal roots. The required equation will therefore be of the 
form 

Ly + ]iP^ + Ip7^''2MNqr^2NLrp''2LMpq = 0. 

iThe co-ordinates of the several tangents at the angular points 
will be given by the equations 

p = 0, 'Mq^Nr=rO, 

q = 0, Nr-Lp = 0, 

r = 0, Lp''Mq = 0. 

^ If the conic be a circle, the tangent at A will be deter- 
mined by the equations 

•^ csm 6 osinB 

which last is equivalent to b^q — cV = 0. 

Similar equations holding for the other two tangents, the 
equation for the circumscribing circle will be 

ay + 6Y + cV - 2 J 'cV - 2c'a'rp - 2a''b'pq = 0, 
which may be reduced to 
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9. By investigations similar to those in Chap. lY. Art. 8, 
it may be shewn that the equation of the pole of the line 
(/, g^ h) with respect to the conic 

^ {p> J, r) = t«p* + ^2^ + wr^ + 2u'qr + 2vrp + 2v/pq = 0, 

iS 

(uf+ w'g + v'K)p + («?/+ vg + u'h) q + (v/H- ug + wh) r = 0. 

Now, the centre is the pole of the line at infinity, which is 
{jiyen by the equations p = gr = r. 

The equation of the centre is therefore 

{u + v' + w) p+ {u' -^v + w) q+{u +v' + w)r = 0. 

If the conic be a parabola, it touches the line at infinity ; 
the condition that it should be a parabola is therefore ..„. 



10. The two points in which the conic is cut by the line 
{f» 9y A) ^® represented by the equation 

(See Chap. iv. Art. 10.) 

Hence the two points in which it is cut by the line at 
infinity are given by 

(v+v+ w;+2w'+ 2v'+2w) iwp^-\-v(f-\-W7^-\-2uqr'\'2vrp-\-2vfpq) 

— {(ti + v' + w;') jp + (w + 1; + V)) J + (ti' + v' + w) r}' = 0. 

Hence may be deduced the equation of the two points at 
infinity through which all circles pass. For these are the 
«ane for all circles. Now, for the inscribed circle they are 
obtained by putting 

t4 = t; = t(; = 0, 2u =« — a, 2t;'=« — 6, 2t(;' = « — c 

The equation then becomes 

4«{(« — a)3r + («-J)r;) + (5-c)pj}-(ap + 6g + cr)* = 0, 

^f ay +5Y+cV'-26c2r cos A'-2carp cos B - 2aipq cos (7=0, 
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Which may also be writtea 

the equation of the two circular points at infinity. 

Hence may also be deduced the conditions that the equip 
tion 

t{p' + vg* + wi^ + 2uqr + 2v'rp + 2v/pq == 

may represent a circle. For, comparing this equation with |, 
that just obtained (Art. 5, Cor.), we get 

U V w 

2x1 " 2tf' "" 2vi 

Putting each member of these equations = ifc, they may be 
written 

&ccos^ +w'A: = — mn, ca cos 5 + v'i = — «?, 
ah cos G +'wk = — Zw, 

These equations give 

(6* "vk) (c' - wk) = (6c cos A + u'k)\ 
or (yw - M «) it" - [vc* + wV + 2uhc cos A)'k + 6V sin* ^ = 0. 

Again, we get 
(a" - uk) {be cos A + uk) + (ca cos B + v'k) (ah cos C + w'/fc) = 0, 

or {vv/-uvl)J(?+ [a {au+h cos O.v+c cosB . w) - he cos ^ . w} i 

+ a^bc sin -B sin (7 = 0. 

Now, since iVsin*^=a'J(;sin5sin (7= (2A)', these equa- 
tions may be written under the form 

{vW''U^)i?-{vc' + wV + 2u*bc cos^) & + 4A*« 0, 

(v'w''-uu)J(?+[a{aii-{-bv'cosC+cw*cosB)-bc cos -4.tt}Jfe+4A*s=flL 



CIECULAB POINTS AT INFINITY. 141 

Combining these with the four similar equations, we get 

{wu — t;** + ttt; — u?'* — 2 (v V — uu)] k 

- {tt (i' + c* - 2Jc cos A) + vd^ + wa^+2a^v! 

+ 2av {ccosB+bcoQ C) + ''lav! (6 cos G+ccosB)] =0, 

wu — V * + wt? — w'' — 2 (vW — uu*) 1 
Cw + » + w4-2tt'-h2t/ + 2a;')a' *' 

Two other corresponding expressions may of course be 
obtained for k^ and the required condition is therefore 

" l^ " ¥ 

vw — u^ 4- w\i — v'^ — 2 {uv* — t(fw') 



1 1. To find the equation of the conic with respect to which 
the triangle of reference is self-conjugate. 

Since each angular point of the triangle of reference is the 
pole, with respect to this conic, of the opposite side, it follows 
that the equation of such a conic will be of the form 

wp' + vg' + tcr* = 0. 

From the last article it will be seen that the equation 
of the self-conjugate circle is 

P' - gV -H- ^ =0 

.» ~ _« I W J "> 



or P' + g* + ^ =0. 

6c cos A ca cos B ab cos C 



Examples. 

1. A parabola is described about a triangle so that the tan- 
gent at one angular point is parallel to the opposite side; shew that 
the square roo^ of the perpendiculars on any tangent to the curre 
tire in arithmetical progression. 
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2. A conic is circumscribed about a triangle such tha^ the 
tangent at each angular point is parallel to, the opposite side; shew 
that, if Pf^yrhe the perpendiculars &om the angular p6ints on anj 
tangetit, 

3. Shew that the equation of the centre of this, conic is 

• * • • 

p + q + r^O. 

, ' 4. Comes are drawn each touching two sides of a triangle at 
the angular points and intersecting in a point; prove that the 
i^iters^ctions of the tangents at this common point with the sides 
cutting theit respective conies lie on one straight line, and that 
the common tangents to the conies intersect the sides in the same 
three points, 

5. A sys^iem of h|(>erbolas is described about a given triangle; 
prove that, if one of the asymptotes always pass through a fixed 
point, the other will always touch £it fi^ed conic, to whidh the three 
sides of the triangle are tangents, 

6. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced ; prove that the perpen-* 
diculars, drawn from the angular points of the triangle upon anv 
tangent to the parabola, are in harmonical progression, 

7. Prove that the nine-point circle of the triangle of reference 
is represented by the equation 

8. If Pj, Pa, Pa be the radii of three circles, the internal com- 
mon tangents to each pair of the circles touch a conic whose tan- 
gential equation, referred tq the centres of the circles, is 

a» (p-^) (jp-r) + 6* (g-r) (q^p) + c*{r-p) {r^q) 

12; There is another system of Tangential Co-ordinates, 
which bears a close analogy to the ordinary Cartesian system. 
If X, y be the Cartesian co-ordinates of a point, referred to 
two rectangular axes, then the intercepts on these axes of tho 
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polar of the point, with respect to a circle whode centre is the 

. ifc* A* . 

origin, and radius ifc, will he — , — respectively. These in- 

tercepts completely determine the position of the line, and 
their reciprocals ma^' he taken as its co-ordinates, and de* 
noted by the letters f , 17. 

13. In this system, every equation of the first degree 
represents a point. 

Let af + 617 = 1 

be an equation of the first degree, •' 

Draw the straight lines OX, OF at right angles to one 
another ; on OX take the point -4, such that OA = a, and 
on or take the point B, such that 05= 6. Draw AP, BP 
perpendicular to OX, Y respectively, meeting in P. 

Then, the equation 

af + 617 = 1 

shall represent the point P. 




Pig. «3« 
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Through P draw any straight line meeting OX, F in 
Hy JK", respectively. Then, if f, 17 be the co-ordinates of thi» 
line, 

^ ^ OA KP 

Hence af = 



61,= 



OB HP 



OK HK' 

a relation which is satisfied by the co-ordinates of every line 
passing through the point P. This equation therefore repre- 
sents the point P. 

14. In this system, as in that described in the former 
part of the present chapter, an equation represents the curve, 
the co-ordinates of whose tangents satisfy it, and an equa- 
tion of the n^ degree will therefore represent a curve of the 
71*** class. 

15. If the perpendicular OQ let fall frOm on the 
straight line HK (fig. 23) be denoted by jp, and the angle 
QOX by (j), we shall have 

f. cos (f> sin (f> 

and a point will then be represented by the equation 

a cos ^ + 6 sin <}> =^ ; 

an equation which, if a*-h ff be put = <?, and - = tan a, 

becomes jp = c cos (^ — a). 

We thus obtain a method of representing curves by a 
relation between the perpendicular from a fixed point on the 
tangent and the inclination of that perpendicular to a fixed 
straight line. These may be called the tangential polar co* 
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ordinates of the curve. This method will be found discussed 
ia the Quarterly Journal of Pure and Applied Mathematics, 
Vol I. p. 210. 



Examples. 

. 1. Prove that the distance between the points fltf+6iy=^l, 
o'£ + h'ri = 1, is {(a' - ay + (6' - 1)']^ 

2. Prove that the cosine of the angle between the lines (f, 17), 

3. Prove that the distance from the point (af + 617 = 1) to the 
line (f., ,,) is (af. + 6,. - 1) (f/ + V)"*- 

4. Prove that the equation ^ + 17* + 2Pf + 2^ + i? = repre- 
-BentB a oonic^ of which the focus is the origin. 

What are the co-ordinates of its directrix? What is its eccen- 
tricitjy and what its latos-rectum % 

5. Prove that the equation p^a-^c cos ^ represents a circle; 
and determine the radius of the circle. 

6. Prove that the evolute of the ellipse a*f * + Vrf « 1 is 
represented by the equation 



P. 1<\ 
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CHAPTER VIII. 

ON THE INTERSECTION OF CONICS, AND ON PBOJECTIONS. 

1. We shall here say a few words on the subject of the 
intersection of two conies, as an acquaintance with this branch 
of the subject will be useful in future investigations. ■ 

. Since every conic is represented by an equation of the 
second degree, it follows that any two conies intersect in four 
points, which may be (1) all real, (2) two real and two imar 
ginary, or (3) all imaginary. 

2. Through these four points of intersection three pairs 
of straight lines can be drawn. K the four points be called 
P, Q, R, S, the pairs of straight lines will be PQ and ES, 
PR aad QS, PS and QR. If PQ and R8 intersect in L, 
PR and QS in M, P8 and QR in N, the points L, 'M, If are 
called (see Art. 15, Chap, ll.) the vertices of the quadrangle 
fQRS, Also the three points i, if, N will form, with 
respect to every conic passing through the points P, Q, R, S, 
a conjugate triad ; and therefore each of them will have the 
same polar with respect to all such conies. 

3. The equations of the pairs of lines PQ, RS, &c. (the 
sides and diagonals of the quadrangle) may be found as 
follows. Let the equations of the conies be 

0(cf, /3, y)^u%^'\'V^^ + wr^+2u'^y + 2vy2'\' 2wa/3 = 0...(l), 

'^(«,A7)=K + 2/3' + r7' + 2yy87 + 2/7a + 2r'ay3 = 0...(2); 

then every conic passing through their four points of inter- 
section will be represented by an equation of the form 

^(«,)8,7)+A;^(a,A7)=0 (3). 
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If the left-hand member of this equation break up into 
two factors, the conic degenerates into two straight lines, real 
or imaginary. The condition that this should happen is 

u+pk, Uf+rkf v-{-qk I 

w'-ff^Jt, v + qJc, u+pk 1 = (4), 

V+qk, u'-{-p'k, w + ri 

a cubic for the determination of k, of which the roots are 
either all real, or one real and two imaginary. If the roots 
be all real, the vertices of the quadrangle, which will be the 

■ centres of the several conies included in the form (3), will be 

' all real If one root only be real, then one vertex only of 

f. the quadrangle will be real We proceed to consider how 

■^ the reality of the vertices L, Jf, N depends upon that of the 

■ pomts P, Q,B,S. 



I 

[ 



5 

if 



4. First, suppose all the four points P, Q, R, 8 to he 
xesl, then it is clear that all the vertices will be real. 

5. Next, let two of the points, P, Q, for example, be 
real, and E, 8, imaginary. 

Then, the line FR can have no other real point but P. 
For, if it had, it would itself become a real line, and we 
should have a real line cutting a real conic in one real and 
one imaginary point, which is impossible. 

Hence the point M, which lies on FR, is imaginary. 
Similarly the line P8, and the point N, which lies on it, are 
imaginary. The real vertex must therefore be L, which lies 
oa FQ. 

We may observe that the line R8 will be real For the 
two lines FQ, R8, considered as one locus, will be represented 
by equation (3) when for k is substituted the real value cor- 
responding to the point L. Hence the form of the expression 
0(a, /8, y) + kylr{a, 13, 7) answering to FQ^ contains one 
real linear factor, and the other linear factor, which answers 
to MS, will therefore also be reaL 

IQ— 'L 
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6. Thirdly, let all the four points of intersection be ima- 
ginary. Then the three vertices will all be real. 

For, by what has been shewn above, one vertex is neces- 
sarily so. Take this as the angular point A of the triangle 
of reference, and let its polar with respect to the two conies 
be taken for the side BC^ 

The point B being chosen arbitrarily, let its polar with 
respect to one of the conies be taken bs AG, Then this 
conic may be represented by the equation 

a* + r)8» + «y = (1), 

Let the other be represented by 

a*+j/3' + r7V+2p'/37 = (2). 

Since the four points of intersection aire imaginary, the 
roots of the quadratic 

will be imaginary. Hence 

{q'V)(r~w)>p\ (3). 

Now let (0, g, h) be the co-ordinates of either vertex. 
Then, since it has the same polar with respect to both conies, 
the equations 

vg^ + why = 0, 
(qg + ph) fi + (p'g + rh) y = 0, 

will represent the same straight line, hence 

qg + ph __ p'g + rh 
vg "" wfv 

The two values of |, given by this equation, will deter- 
mine the vertices. Now the roots of this equation are real or 
imaginary, as 



(^ w — rv/ + ivwp* 0. 
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That ia, the vertices will necessarily be real, if t) and w 
have the same signs. Suppose them, however, to have con<* 
trary signs, then, by (3), 

therefore multiplying both sides by — isi^w, which is a positive 
quantity, 

— ivw (qr —p^ > 4evw {vw — qw — rv) ; 
/. (qw -f nf)*— ^vw (qr —p*) > (qw + n;)'+ 4i;W— 4ivw (qw+rv) 

> {qw + rv — 2vwy 
>0; 
•'• (j^ — ^)* + ^vwp'* > 0. 

Hence, when the four points of intersection are imaginary, 
the vertices are in all cases real 

7. These vertices form, with respect to the two conies, a 
conjugate triad. Suppose now that they are taken as angular 
points of the triangle of reference. Let the conies be repre- 
sented by the equations 

Then ±_-?L_=±_A_-i 



(iqw — rvy {ru —pwy (pv — qu)^ 

we the equations of the several pairs of common chords of 
the two conica Since two of the expressions 

qw-^rv, ru—pw, pv — qu, 

inust necessarily have the same sign, it follows that one pair 
at least of common chords is always real. The other two 
puis will, as may easily be seen, be real or imaginary, accord^ 
iog as the four points of intersection are, or are not, all real 
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8. Rettiming to the equation (4) given in Art. 3 of this 
chapter we see tiiat it may be partially developed into the 
following form : 
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This equation is generally written 

Here A and A' are known to be the discriminants of the 
two given conies. Noav the roots of this equation are the 
values of k which will give the three pairs of straight lines 
drawn through the points of intersection of the two conies, 
and since these values inust remain unaltered by any trans- 
formation of co-ordinates, it follows that the ratios of the four 
coefficients, A, ©, &, A', also remain unaltered by any such 
transformation. On this account they are called the In- 
variants of the system. They possess numerous interestiDg 
properties, but a detailed examination of them would lead us 
too far from the object of this work. They will be found 
fully discussed in Dr Salmon's treatise. As an example of 
their use, however, we may demonstrate the following pro- 
position: 
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If 5=0, S' = be the equations of two conies, 2 = 
that of the reciprocal of the first with respect to the second, 
2' = that of the second with respect to the first, then 

2«e^+e'fif-.2'=o 

identically. 

The direct investigation of this, taking the equations in 
their most general form, will be somewhat laborious. Sup- 
pose, however, that the conies, referred to their common con- 
jugate triad, are represented by the equations 

iff=Ma» + t;^' + tt?7»=0 (5), 

fir = pa» + g)8' + r/ = («'). 

Then A = uvw, = pvw + qwu + ruv, 

A' = pqr, & = uqr + vrp + wjxi. 



Also 2 = 



0, p%, y^, ry 

p2, u, 0, 

?/8, 0, 1% 

ry, 0, 0, to 



= p^vwx* + q^wu^ + r^utx/. 



And 



2' = u^qrx* + v^rp^ + v^PT^f 
6'5- 05^ = {uqr + vrp + wpq) {uol + v^S* + w'f) 

— [pvw + qiou + ruv) (pa* + 7^ + ry*) 

= {u^qr—p^vw) a'+ (vVp — j'lcu) ^ + (w^pq — r'i^y) 7* 

— ^ — ^^. 

Hence, as stated above, 2 — 0/S'+ 0'/S — 2' = identically ^ 
iii the case where the conies are referred to their common 
conjugate triad. And, from what has been said above, it 
appears that on account of the invariance of and 0', the 
same result holds in whatever manner the conies may be 
expressed. We thus see that if each of two conies be re- 
ciprocated with respect to the other, the four points of 
intersection of any two of the conies thus obtained, and the 
four points of intersection of the other two, lie on a conic. 
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On Projections.. 

9. Def. The surface generated by a straight line of 
indefinite length, which always passes through a given fixed 
point, and always meets a given curve, the curve and point 
not lying in the same plane, is called a cone. 

The fixed point is called the vertex, and will be denoted 
in this chapter by the letter V, 

If a cone be cut by any two planes, either of the curves 
of section is said to be a projection of the other. 

Also the two points in which any generating line is cut 
by two planes are said to be the projections, the one of the 
other. The straight line in which the two planes intersect is 
called the Unprojected. 

It may easily be seen that the projection of any curve on 
a given plane coincides with the shadow of the curve which 
would be cast upon the plane by a luminous point coinciding 
with the vertex of the cone. 

The projection of a point of intersection of any two curves 
will be a point of intersection of their projections. 

The projection of any straight line will be a straight line ; 
and that of any curve of the nth degree will be a curve of the 
nth degrea For since any straight line and curve of the nth 
degree intersect in n points, their projections will also inter- 
sect in n points, 

10. If -4. -B be any given straight line, and a cone be cut 
by any plane parallel to VAB, the projection of the line AB 
will be infinitely distant. Hence it is always possible so to 
project a figure, that the projection of any given straight line 
shall be removed to an infinite distance. This is called pro- 
jecting the straight line to infinity, 

11, Any quadrilateral may be projected into a parallelo- 
gram. 

For, if ABCD be any quadrilateral, and the sides AB,. 
CD be produced to meet in E, AD, BG in F, and the line 
.E!F projected to infinity, then, since the projections of AB^ 
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CD intersect at an infinite distance, they will be parallel to 
one another, as also those of AD, BG, whence it follows that 
the quadrilateral ABCD is projected into a parallelogram, 

12. The angle EVFvnW be the angle between the pro- 
jections of the sides AB, BC. For if the plane of projec- 
tion cut the lines VA, VB, VC, VD in A\ B, C\ D' re-, 
spectively, * then the points A\ B, C\ £>' are respectively the 
projections of A, B, C, D, Now the plane ABAB' contains 
the points F, E, and, since the plane of projection, in which 
the points A\B lie, is parallel to VEF^ and therefore to VE, 
it follows that AE is parallel to VE, Similarly £'(?' is 
parallel to VF, and therefore the angle AB G' is equal to the 
angle EVF. 

13. Since the angle EVF may be made of any magni- 
tude, by taking the point V anywhere on any segment of a 
drcle of which EF is the base and which contains an angle of 
the required magnitude, it follows that any quadrilateral may 
be projected, in an infinite number of ways, into a parallelo-* 
gram of which the angles are of any assigned magnitude. 

14. We may now proceed to detail the application of the 
theoiy of projections to curves of the second degree. 

It will easily be seen that the projection of any tangent to 
any curve will be a tangent to the projection of the curve. 

Again, if any point and straight line be the pole and polar 
of one another with respect to a given conic, their projections 
will be the pole and polar of one another with respect to the 
projection of the conic. 

For, let be any given point, XFits polar with respect 




Fig. 94. 
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to any given conic. On XY take any point T, external to 
the conic, and from T draw two tangents TP, TQ, then FQ 
will pass through 0. Now project the whole system, and let 
O', jP, Q\ T', X\ Y* be the respective projections of 0, P, 
Q, T, X, Y. Then TF, T'Q' will be tangents to the pro- 
jected conic, and F Q' will pass through 0'. Hence since T 
is any point on X'Y, X'Y' will be the polar of 0'. 

15. From the proposition just proved, it will follow that 
any two conies may be projected into concentric curves. For 
it is always possible (Arts. 5 and 7) to find one real point at 
least, the polar of which with respect to two given conies is 
the same straight line. Let then this straight line be pro- 
jected to infinity, and its common pole, with respect to the 
two conies, will become the centre of the curves of projection. 

16. It may also be proved that any two conies may be 
projected into similar and similarly situated curves. For it is 
always possible (Arts. 5 and 7) to find two straight lines 
which meet two given conies in the same two points, real or 
imaginary. Project either of these straight lines to infinity, 
and the conies will then be projected into curves, two of the 
points of intersection of which are infinitely distant, that is, 
into similar and similarly situated conies. These will be 
ellipses or hyperbolas, according as the points, in which the 
line projected to infinity meets the conies, are imaginary or 
real. If the two conies have double contact with one another, 
their projections will also be concentric. 

17. The projections, spoken of in the last two articles, 
may be effected in an infinite number of ways. For any point 
whatever may be taken as the vertex of the cone, and if the 
cone be cut by a plane, parallel to that which passes through 
the vertex and the line which it is required to project to in- 
finity, the required projection will be effected. 

18. It hence follows that it is possible to project any two 
intersecting conies into hyperbolas of any assigned eccen- 
tricity. Suppose, for example, that it is required to project 
two conies, intersecting in points A, B, into two similar and 
similarly situated hyperbolas, the angle between the asymp- 
totes of each being a. Take any point V, such that the angle 
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AVB^a, and describe two cones, of which V is the common 
vertex, passing through the two gi\ren conies. The sections 
of these cones made by any plane parallel to the plane VAB 
will be hyperbolas, of which the asymptotes are parallel to 
VA, VB respectively, and will therefore be similar and simi- 
larly situated to one another, and of the required form. 

19. We now come to the most important and most diffi- 
cult point of the theory of projections, the process by which, 
from the properties of the circle, those of conic sections in 
general may be deduced. We have just seen that any two 
conies may be projected into hyperbolas of any assigned ec- 
centricity. Now this process, the possibility of which we 
have shewn by a geometrical method, of course admits of 
algebraical proof. And the algebraical investigation, on ac- 
count of the continuity of the symbols employed, would not 
take any account of the restrictions introduced into the geo- 
metrical investigation, either as to the conies intersecting in 
real points, or as to the eccentricity of the conies into which 
they are projected being greater than unity. It is therefore 
possible, by an algebraical process, to transform the equations 
of any two comes whatever into those of conies of any eccen- 
tricity, and therefore into those of circles. The points and 
tangents common to the two given conies will be transformed 
into points and tangents common to their projections, and the 
relations of poles and polars will remain unaltered. 

Since all circles pass through the same two points on the 
line at infinity, it follows that all circles are transformed by 
projection into a system of conies passing through the same 
two points, or having a common chord. Again, since every 
parabola touches the line at infinity, it follows that all para- 
bolas will project into a system of conies touching the same 
straight line. A system of parabolas and circles will project 
into a system in which all the circles will become conies pass- 
ing through the same two points, and all the parabolas will 
become conies, having the straight line joining those two 
points for a common tangent. 

20. We have seen, in the investigation of the co-ordinates 
of the real and imaginary foci, given in Chap. VI., that the pair 
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of imaginai-y tangents, drawn to a conic from any one of its four 
foci, satisfy the analytical conditions of being asymptotes to a 
circle. Hence these tangents must themselves meet the line 
at infinity in the two circular points. Conversely, if from the 
two circular points at infinity two pairs of tangents be drawn 
to any conic, these will form an imaginary quadrilateral, cir- 
cumscribing the conic, the four angular points of which aie 
the four foci of the curve. 

Hence all conies having the same focus project into conies 
having a pair of common tangents ; and all confocal conies 
into conies inscribed in the same quadrilateral. 

The directrix is the polar of the focus, hence, if two conies 
have the same focus and directrix, they project into two conies 
having a common chord of contact for their common tangents, 
that is, having double contact with one another. 

21. The anharm(ytiic ratio of any pencil or range is wnr 
altered by projection. 

Let the transversal PQRS cut the four straight lines OPj 
OQ, OR, OS. Take any point F, not lying in the plane 
through these straight lines, join VO, VP, VQ, VB, V8, and 
let these lines be cut by any other plane in 0', P\ Q\ IX ^ S\ 
Then 

{0\FQ'R'ff}^[P'Q'IlfS'] 

FQ . RS' 



PR . (//S' 

^mP'VQ .^mRVS 
sm FVR. sin Q'VS' 

Bin PVQ. sin RV8 
sinPVR.siaQyS 

PQ.RS 
PR.Q8 

[PQRS] 

[O.PQRS]. 



najfLTios or asgus. 1^ 

Hence the anhannoace ratio of the gtren pencil and rmg<e 
is the same as xhax of ihexr projectiixi. 

S2. The foDowing propositioQ is naefol in the pivjection 
of theofems relating to the magnitade of angiies. 

Any two lines which make on on^ A wiA each o<k#r. 
form with ike lines joining the circular points at injimitf lU 
timr point of intersection, a pencil of whiA the anharitumic 

ratio is c<'-^^>^\ 

It will be understood that the two giren lines are taken 
as the first and third legs of the penciL 

Take the two lines as two sides o( the triangle of reference. 
and let them be denoted by jS = 0, 7 = 0. The lines joining 
their point of intersection to the circular points at infinity 
are given by eliminating a between the equation of the lino 
at infinity and that of the circumscribing circle, that is, be- 
tween 

a p 7 
This gives /8* + 2)^ cos ^ + 7^ = 0. 

Kow the two lines represented by the equation 

(^-ifc7)08 + i-'7) = O 

form with 13=0 and 7 = a pencil of which the anharmonic 

k' 
ratio is -r (Art. 23, Chap. i.). In the present case, 

Hence the anharmonic ratio is 

€ 

Cor. In the case in which the lines are at right angles 
one another, A = ^ ^ and the anharmonic ratio bocomed 
inity, that is, the four lines form an harmonic penciU • 
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23. The known property of a circle, that " the angles in • 
the same segment are equal to one another/' gives rise to an 
important anharmonic property of conic sections. The pro- 
perty of the circle may be expressed thus, that " if -4, 5 be 
any two fixed points on the circumference of a circle, any 
moving point on it, the angle AOB is constant." Project the 
circle into any conic, and let A\ JB', 0' be the projections of 
A, B, 0; H,K those of the circular points at infinity. Then, 
from the result of the last article, it follows that 

{0' . A'B'HK} is constant 

Or, the anJiarmonic ratio of the pencil, formed hy joininj 
any point of a conic to four fixed points on ike curve, ia con- 
stant 

Reciprocating this theorem, in accordance with Art. 13, 
Chap. VII., we see that if any tangent to a conic be cut by four 
fi^ed tangents, the anharmonic ratio of the range, formed hy 
t'le points of section, is constant 

24. Tf P, Q, R be three points in a straight line, and 
p, q, r be their projections, and s the projection of the point 
at infinity on the line PQR, then 

For lnr.^'^-P,^. 

where 8 denotes the point at infinity on the line PQR. 
Also RS : PS in a ratio of equality, hence 

25. If P, P, Q, Q', R, ^...be a system of points in 
involution, and », p, g, q, r, /... their projections, then since 
V Art. 27, Chap. I. [PQRS]=-\P'QE 8\ and by Art. 21 
oi thi^ Chapter [PQRS] = [pqra}, [P'Q'RS] - [p'qVs'], 
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t follows that [pqrs] = [p'q'rs], or p, p', q, q\ r, r'... are a 
ystem of points in involution. Hence, any system of points 
n involution projects into a system in involution, 

K P coincides with P\ p will coincide with p\ or the foci 
►f one system project into the foci of the other. We may 
►bserve that the centre of one system will not, in general, 
project into the centre of the other. 

26. Let a system of circles be described through two 
iven points A, A', and let any circle of the system cut a 
iven straight line in P, P\ Produce AA' to meet the 
iven straight line in 0. Then 

OP.OF=^OA.OA\ 

•r OP. OP' is constant for all circles passing through A, A, 
lence, the system of points in which a system of circles, 
•assing through two given points, cut a given straight line, 
re in involution. Project the system of circles into a system 
f conies, passing through four given points, and we learn 
hat '*a system of conies, passing through four given points, 
Jut any straight line in a system of points in involution.** 

Of this system of conies, one can be drawn so that one of 
bs points of intersection with the given straight line shall be 
t an infinite distance, — in other words, so that one of its 
symptotes shall be parallel to the given straight line. The 
tber point, in which this conic cuts the given straight line, 
/ill be the centre qf the system. 

Again (see Art. 3, Chap, ix., infra), two conies can be 
described, passing through the four given points, and touch- 
Qg the given straight line. The two pomts of contact of 
hese conies will be the foci of the system of points in in- 
olution. 

By reciprocating these propositions, we obtain analogous 
)roperties of the system of conies, inscribed in a given quad- 
ilateral, whence, by projection, may be obtained those of a 
ystem of confocal conies. 

27. When the vertex of the cone, used for purposes of 
projection, is infinitely distant, so that the cone itself be- 
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• 

comes a cylinder, the projection is said to be orthogonal. In 
this mode of projection, the line at infinity remains at an 
infinite distance, and any two parallel lines will therefore 
project into parallel lines* Also any area will bear to its 
projection a constant ratio ; and the mutual distances of any^ 
three points in the same straight line will bear to one another 
the same ratios a^s the mutual distances of their projectiona 
Two perpendicular diameters of a circle will,N since each A 
parallel to the tangent at the extremity of the other, project 
into two conjugate diameters of an ellipse* By this method^ 
many properties of conic sections, more especially those re-i 
lating to conjugate diameters, may be readily deduced from] 
those of the circle. 



Examples* 



1. If XYZ be a triangle which moves in such a manner tbi 
its side YZ always passes through a fixed point P, ZX throngli ft 
XY through i?, and if the locus of Z be a fixed conic passinf . 
through R and P, that of Z s. fixed conic passing through F anl 
Q, prove that the locus of X will be a fixed conic passing throuj^ 
Qy B, and through the other three points of intersection of the 
two given conies, 

2. If two tangents be drawn to a conic so that the points 
in which they cut a given straight line form, with two fixed point* 
on the straight line, a harmonic range, prove that the locus of 
their point of intersection will be a conic passing through the two 
given points. 

3. A system of conies is described touching four given 
straight lines j prove that the locus of the pole of any fifth given 
straight line with respect to any conic of ^e system is a straight 
line. 

» 

If the fifth straight line be projected to infinity so that the 
points where it intersects two of the other given straight lines be 
orojected into the circular poitit«, 'vrVvoiti does this theorem become] 
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4. A system of conies is described about a given quadrangle ; 
prove that the locus of the pole of any given straight line, with 
tespect to any oonio of the system, is a conic passing through the 
Vertices of ihe quadrangle. 

5. A system of conies is described touching the sides of a 
given triangle^ and from a given point a pair of tangents is drawn 
to each conic of the system. Prove that, if the locus of one of 
the points of contact be a straight line, that of the other will be a 
tome drcumscribed about the given triangle. 






6. The tangent at any point P of a conic, of which S and II 
ate the foci, is cut by two conjugate diameters in ^, t; prove that 
the triangles JSFT^ HPt are similar to one >another. 



V. 11 
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CHAPTER IX. 



MISCELLANEOUS PROPOSITIONS. 



ON THE DETERMINATION OF A CONIC FROM FIVE GIVEN 

GEOMETRICAL CONDITIONS. 

1. If any five independent conditions be given, to whicli 
a conic is to be subject, each oi^ these, expressed in alge- 
braical language, will give an equation for the determination 
of the five arbitrary constants which the equation of the 
conic involves. Hence, five conditions suffice for the deter- 
mination of the conic. It may, however, happen that some 
of the equations for the determination of the constants rise 
to a degree higher than the first, in such a case, the constants 
will have more than one value, and more than one conic 
may therefore be described, satisfying the required condi- 
tions, although the number will still be finite. 

The geometrical conditions of most frequent occurrence 
are those of passing through given points and touching given 
straight lines, with such others as may be reduced to these. 
We proceed to consider how many conies may be described 
in each individual case. 

2. Let five points be given. 

In this case we have merely to substitute in the equation 
of the conic the co-ordinates of the several points for a, )8, 7; 
we shall thus obtain five simple equations for the determina- 
tion of the constants, and one conic only will satisfy the given 
conditions. 

3. Let four points and one tangent be given. 

Take three of the points as angular points of the triangle 
of reference. Let /, g, h be the co-ordinates of the fourth 
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given point, la. + m^ + wy = 0, the equation of the given tan- 
gent. Let the equation of the conic be 

- + -^ + - = 0. 
a P 7 

Then for the determination of the ratios \ : ^ : i/, we have 
the equations 

/ 9 "' 
W + /i W + J/V - 2fivmn - 2v\nl - 2\film = 0. 

These equations will give two values for the ratios, and 
prove therefore that two conies can be described satisfying 
the required conditions. 

4 Let three points and two tangents he giveru 

I Take the three points as angular points of the triangle of 
reference. Let the two given tangents be represented by the 
equations 

1% + m^ + ny = 0, 

If then the conic be represented by the equation 

a ^ 7 
we have^ for the determination of X : /x : i/, the equations 

XV + /iW + j/'w' - 2fjLvmn - 2v\nl - 2X/Afon = 0, 

XT + m'w'' + 1/ V - 2/ii/mV - 2i/Xn7- 2kfiTm'=^ 0, 

which, being both quadratics, give four values few each of the 
i^tios, shewing that four conies may be described sati^ying 
the given conditions. 

5. Let two points and three tangents he given. 

Take the three tangents as lines of reference, and let 
f>9>^} f> g\ A', be the coHDrdinates of the two given points. 
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Then, if the equation of the conic be 

XV + /i'iS' + i/V - 2/Lti//37 - 2i/\7a - 2X/Lt3f^ = 0, 

we shall get, writing/, a, h ; /', g\ h', successively for a, ^, y, 
two quadratics for the determination of the ratios \ : fi: u, 
giving therefore four conies, 

6. Let one point and four tangents be given. 

Taking three of the tangents as lines of reference, th^ 
condition of touching the fourth given line gives a simple 
equation for the determination of the coefficients, and that of 
passing through the given point a quadratic. Hence, two 
conies may be described, satisfying the given conditions, 

• 

7. Let five tangents be given. 

Taking three of the tangents as lines of reference, the 
condition of touching each of the others gives a simple 
equation for the determination of the constants, shewing that 
one conic only can be described satisfying these conditions. 

The results of Arts. 5, 6, 7, may of course be deduced by 
the method of reciprocal polars, from those of Arts. 4, 3, 2. 

8. Several other forms under which the data may be 
given, are reducible to a ceilain number of lines and points. 
Thus to have given a tangent and its point of contact is 
equivalent to having two points given, the points being 
indefinitely close together. Or, it may be regarded as equi- 
valent to having two tangents given, these tangents being 
iudefinitely nearly coincident. To have given that a conic is 
a parabola is equivalent to having a tangent given, since 
every parabola touches the line at infinity. To have given 
^at it is a circle is equivalent to having two points given, 
since all circles intersect the line at infinity in the same two 
points. And this explains the reason why four circles can 
be described touching the sides of a given triangle, but only 
one circumscribed about it. So, to have given that a conic 
is similar and similarly situated to a given one is equivalent 
to having two points given. To have given an asymptote is 
equivalent to having two points given, for an .asymptote may . 
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ue regarded as a tangent, the point of contact of which is 
given (at an infinite distance). To have given the direction 
of an asymptote is equivalent to having one point given, for 
this virtually determines the point in which the conic meets 
the line at infinity. 

9. If it be given that three given points form a con- 
jugate triad, this is equivalent to three conditions, as the 
equation of the conic, when tliese are taken as angular points 
of the triangle of reference, is of the form 

Two more conditions will therefore completely determine 
the conic. If these conditions be that the conic shall pass 
through two given points, or touch two given straight lines, 
or pass through one given point and touch one given straight 
hne, one conic only can be drawn to satisfy these condi- 
tions. 

We may observe that, if the above conic pass through 
tie point (/) g^ A), it also passes through the three points 
("/ g^ A), (/, -^r. A), (/, g, -A), and that, if it touch 
tie line (Z, m, n), it also touches the lines (— Z, m, n), 
{', - m, n), {I, m, — n). 



OK THE LOCUS OF THE CENTRE OP A SYSTEM OF CONICS 
WHICH SATISFY FOUR CONDITIONS, EXPRESSED BY 
PASSING THROUGH POINTS AND TOUCHING STRAIGHT 
LINES. 

10. The locus of the centre of a conic, which passes 
through m points, and touches n straight lines, m + n being 
^qual to four, will be a qonic, in every qase except two. We 
Mil consider the several cases in order. 

11, Let the system pass through four points. 

This is best treated by Cartesian co-ordinates. 

Of the conies which can be described passing through four 
points, two are parabolas. Take, as co-ordinate axes, that 
diameter of each of these parabolas, the tangent at the ex- 
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tremity of which is parallel to the axis of the other. Thea 
the two parabolas will be represented by the equations 

a:'+2/y+A=0 (1), 

y-h25r'a:-hA'=0 (2). 

The system of conies is represented by the equation 

a^ + \y* + 2\5r'aj + 2/y + A + XA' = (3), 

\ being an arbitrary multiplier. 

The centre is given by the equations 

Eliminating X, we get for the locus of the centres 

^y^f9 {% 

a conic, whose asymptotes are parallel to the axes of the 
parabolas (1) and (2). 

If the four points form a convex quadrangle, the parabolas 
will be real, and the locus (4) an hyperbola. If the quad- 
rangle be concave, the parabolas will be imaginary, and the 
locus of the centres an ellipse. 

The curve (4) bisects the distance between each pair of 
the four points, and passes through the vertices of the quad- 
rangle. This may be seen from geometrical considerations, 
for the three pairs of straight lines which belong to this 
system of conies, the vertices are respectively the centres. 

From the form of the equation (3) we see that every conic 
of the system has a pair of conjugate diameters parallel to the 
axes of the parabola (1), (2) ; in other words to the asymptotes 
of (4). 

The conic of minimum eccentricity is obtained by making 
X = 1. In this case, these are the equal conjugate diameters. 

If the axes of the parabolas be at right angles to one 
another, the four points lie on the circumference of a circle. 
The axes of every conic in (3) are then parallel to the co- 
ordinate axes, and (4) is a rectangular hyperbola. 

If each of the four points be the orthocentre of the other 
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three, the system of comes is a system of rectangular hyper- 
bolas, and (4) is the nine-point circle of the given points. 

12. Let three points and a tangent he given. 

In this case we may see, a priori, that the locus will 
l)e a curve of the fourth degree, for we can describe four 
parabolas satisfying the giving conditions, and the locus 
vdll have four asymptotes, parallel to the axes of these 
J)arabolas. 

Take the triangle formed by the three points for the trl^ 
angle of reference, and use triangular co-ordinates. Let the 
tangent be represented by tc + my + n« = 0. 

Then, if the system of conies be represented by 

\i/z 4- fizx + vxy = 0, 

the condition of tangency gives 

J^ + wV* + ^V — 2mnfiv — 2nlv\ — 2lm\fi = 0. 
The centre is given by the eciuation 

fiz -{• vy == vx -\- "kz = Xy •{■ fix. 
If each member of this be put for the moment =/>, we have 
« + « — a? j8J + a? — y xA-y "Z 

therefore the equation of the locus becomes 

Vcf{y-^z- xy + mY {z^x-y)^-\- n^z^ {x A-y-zY 
— 2mnyz (« + a? — ^) (a? + y — ^) — 2nl Ix {x + y — z){y-\-Z'- x) 

— 2lmxy (y + z — x) {z+ x — y) =^0, 
a curve of the fourth degree. 

Writing 1 - 2a;, 1 - 2y, 1 - 2z, for 

y + z-x, z + x-y, x + y -z, 
respectively, the terms of the fourth order become 

Tx* + my + n*z^ - 2mny V - 27i?^V - 2Z7na;'/. 
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Hence the asymptotes, and therefore the axes of the four 
parabolas, are parallel to the four lines 

± f*ic + m*y + n*j2? = 0. 

13. Let two points cmd two tangents be given* 

In this case, again, four parabolas can be described satis- 
f3nng the given conditions, and we might therefore expect 
that the locus would be a curve of the fourth degree. It 
will be found, however, that it breaks up into two factors of 
the second degree. 

Taking the line joining the two points as a = 0, and the 
other two as j8 = 0, 7 = 0, the equation of the system may be 
written 

Here \ is a variable parameter. For the determination 
of m and n, we may proceed as follows. Let the values of 

- - , corresponding to a = 0, be called I, l\ We have then 



m* ' 



zr=^' 



9 * 



Hence — = ± {llf. 



For the centre, we have the equations 
X (\a + 771)8 + 717) = m (\a + myS + 717) + 7 

5= 71 (\a + m^ 4- 717) 4- yS ; 

.*. Xa + m)8 + 7i7 = ^-^^: 

m— 71 
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. ^ __ (w + w) (\% + TM/S + ny) + ^ + 7_m + n m — n^ + y 

_ m^ — ny 

Hence, the locus becomes 

^ mB — ny ^ y8 — 7 

p — 7 ' m — n 

or (m — n) a (mj3 — ny) + (m — n) ()8— 7) (myS + 717) = (;8 — 7)'; 
.-. (m-n) {miS'-7i7*+(n-m)y87-n72 + W2)9} = ()3-7)'. 

This may be wiitten 
(wi' - mn - 1 ) /S" + (w* - m w - 1 ) 7" --. (7m' - 2m n + n' - 2) /97 
+ (h* — 77in) 7a + (m* — mn) ayS = 0, 

or, dividing by m', and substituting the values of — already 
obtained, 

+ iry2 + a^± (Zr)4 (7a + ttiS) = 0, 

giving, as stated above, two conic sections for the required 
locus. 

14. Let one point, and three tangents be given. 

Here the required locus will be a conic, since only two 
parabolas can be described satisfying the given conditions. 

Take the three straight lines as lines of reference ; and let 
y, g, h, be the triangular co-ordinates of the given point. We 
have then, as the equation of the system, 

Px^ + nify^ -f r^z^ — ^mnyz — 2nZ zx — 2?m xy^O, 

subject to the condition 

rf + my + n^h^^Zmngh--2nlhf^2lm/g = (1). 
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For the centre, we have 
Z (tc — my — W5j) = m (— te + my — nz) ^n^—lx-- my + nz) ; 



mn 




nl 




Z//t 


or 


Ix 


my 


nz 


• 


l{m + n) 


w (n + Z) 


n {L + m) ' 




X 

• 


- y - 
Ti + Z l 


z 

• 






m4- n 


+ m' 




• 


I 


m 


n 





y+z—x z+x—y x+y—z 

giving, for the locus of the centres, 

f'{y'\-z-xy + g^{z + x-y)^ + h*{x + y''zy 
--2gh{z+x-y) {x + y-z) - 2A/(a; + y- 2?) {z+x-^y) 

-2fg(i/ + z-x) (2r + a?-y) = 0, 

a conic touching the three straight lines which join the 
middle points of the sides of the triangle formed by the three 
given tangents. 

Its asymptotes are parallel to those of the* curve 
/ V + gY + AV - 2ghyz - 2hfzx - 2fgxy « 0. 

It will therefore be a rectangular hyperbola, if 

+ (a' + &' - c')fg =« (Art. 3, Chap, v.), 

that is, if the point {f,g,h) lie anywhere on the circumference 
of a certain circle. 

It will be a circle, if 



or, if 
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b-^c — a c + a — b a + b — c' 



■f ff^_ h 



a + A + c a + 6 — c c + a — b' 

f -ff,^_ h_ 

tt+6— c a^b+c b+c—a* 

f ^ 9 ^ -^ . 
c-\- a — b b-\-c — a a + b + c' 

or, if the point be any one of the points of intersection of the 
lines drawn from the angular points of the triangle with the 
points of contact of the four circles which touch the three 
sides. 

15. Let four tangents be given. 

In this case, but one parabola can be described, and we 
may anticipate that the locus will be a straight line. This 
may be proved algebraically as follows. Take the diagonals 
of the quadrilateral formed by the four given tangents as lines 
of reference, and let the equations of the four tangents be 

± li: ± my ±nz = Qu 

If the equation of the conic be 

tuj* + r v' + t^z* = (1), 

we must have 

vwP + vmm*'^uvn^^O (2). 

And the centre of (1) is given by the equations 

therefore its locus is represented by 

Px + m^y + n*z = 0. 

SUPPLEMENTARY PROBLEMS. 

16. The following theorem is useful in many geometrical 
investigations. 
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(2). 



The product of any two determinants is a determinant 
First, take the case of two rows and columns. 

Let 

^^x + ^^. = d ^'' 

And let 

These equations lead to the following : 

or 

Now, if (2) be satisfied, (3) will be. 
And (2) are satisfied, if either 

or if f J and f ^ are each = 0. 

In the latter case, we have by (1), either 



(3). 



0, 



(4). 






= 0. 



(5), 



or ar, and a;, = 0. But if ar, and a, be not = 0, then (3) 
gives 



= 



(6). 



Hence (6) is satisfied whenever either (4) or (5) are, and 
therefore its left-hand member must involve, as factors, the 
left-hand members of (4) and (5). The only other factor is 
numerical, and this will be seen, by comparing the coefficients; 
of any term, as for instance a^^/fjl^, to be unity. 
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It may, in like manner, be proved that 

7i» 7,1 7s 
7i«i + 7A + 78^1 > 7 A + 7A + 78^8 » 7,«8 + 7A + 78^; 



«1> ^J, 


«8 




*., K 


^ 




^v <^v 


^8 





8 
8 
8 



.nd so on, for any number of rows and columns. 

17. // (f, g,^ h), (f, g , h'), (f", g", h") he three points 
which form a conjugate triad with respect to the conic 

4> (x, y, z) * ux' + vy' + wz' + 2u'yz + 2v'zx + 2w'xy = 0, 



then 



Uy W\ V' 




w\ V, u 




v\ u\ w 





/, f/, h 

f\ g\ h' 
f\ g" h" 



= ^ (/ 9. h) <f> (/', ff\ K) <!> (/", /, A"). 



For, generally, 



u, w\ 1/ 
m, V, u 
v\ u\ w 



/ gy h 

f\ g\ ^ 
f\ g\ h" 



H.O 



ri'/ 



yf + yj'g -^ Vh, uf + w'g + v'A', uf + w'>"+ t;'A 
« ! «^7+ v^r + 11 h, w'f + vg -^uK, w'f^ vf + u'h 
i vf -f 1^'^ + i^A, v'f + z^'^f' + i^A', v/' + t^y + i(;A" 

</y> </>i7> <^A 

<ftr> <^/i ^/i' 
where ^/ is written for - -%, &c. 



/ 
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Hence 



Uj w\ v' 




/ g. h 


W\ Vy U 




A 9\ h' 


v\ u\ w 




f\ g'\ h" 



I 



f<l>f +3<l>g' +Hh'> ffr +9'4>0' +^'fh'. f'fr +<7>^ +r.^v 
f^r + ff4>if' + ^<}>h'', /'<!>/" +g'<f>^' + h' <!>,,•>, f <!>/"+ g"<f>g" +h"^ 

9 

But/^/ + g(t>g + h<f>h = <t> {/, g, A), whatever/, g, h may ba 

Similarly, all terms of similar form = 0. 
Hence the theorem is proved. 

18. A triangle is inscribed in the conic, 

ux* + vy* + wz' + 2u'yz + 2v zx + 2w'xy = 0, 

two of its sides passing through the jixed points (f, g, h), 
(f, g', h'), to find the envelope of the third. 

Call the fixed points if, K\ and the angular points of 
the triangle PQR, RP passing through K^ PQ through K. 
Then, by projecting the conic into a circle and the line KK 
to infinity, the lines JBP, PQ will project into two lines always 
parallel to themselves, and therefore containing a constant 
angle, hence QR will project into a line always touching a 
circle concentric with the given one. Therefore, in the given 
problem, the envelope of QR will be a conic, having double 
contact with the given one along the line KK^ and will there- ' 
fore be represented by the equation 

fg,h' 

f,g\h' =0 (1), 

<f> [Xy y, z) being written, for shortness, instead of 

waj* -f vy^ 4- wi^ + %j!yz + ^\izx + 2wxy, 

and \ being a constant to be determined. 

Now we observe, in the first place, that X must be of two 
dimensions in/, g. A, of two in/, gr', h\ and of — 1 in u, v,tVf 
u'j V, w\ 



\(f> {x, y, z) + 
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\<f> (/> 9^ /O + 



Next, let Vhe the point of intersection of two consecutive 
positions of QR, Then, if a triangle inscribed in the conic 
BO that two of its sides always pass through K', V, the en- 
velope of the third side will pass through K. Hence (1) must 
be satisfied when we exchange x, y, z, with^ g, h. 

Therefore we have 

/, g, K =0, 

/ 9^ A 

X being what \ becomes when x, y, z are written for /, g, h. 
Hence 

\<f> {x, y, z) sa X^<^ {ft fft ^) identically, 

wbence, \ involves ^ (/, ^r, A) as a factor. Similarly it in- 
volves ^ {f, g, h') as a factor. Hence we may write 

^^ ^(f,g,h)4>{f.^.h:) 

fjL being a function of w, v, w, u\ v, w', of three dimensions, 
since \ is of — 1. 



The equation then becomes 

4> (/> 9> h) <l> (/, g\ K ) <l> (a, A 7) + /i 



f\ g\ A' = 0. 

a, A 7 

To determine /i, we may suppose, since it is independent 
of the co-ordinates of K^ K\ that each of these points lies on 
the polar of the other. Then, the envelope of ^JB must pass 
through the pole of KK\ as may be seen by projecting KK' 
to infinity, for then QR will always pass through the centre 
of the conic. Hence, if (/", g\ n) be the polar of KK 

f, 9, n * 



/. 9> h' 
r, 9". h" 



= 0. 



whence by Art, 17, ft, — — 



u, w, V 
vJ, V, v! 
v, u', w 
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Therefore the required envelope is 



/ .7, A ;• 

19. A triangle is described about a conic, x' -f y' + z* *: 0, 
two of its vertices move on fixed straight lines, Ix + my + nz = 0, 
Vx + my + n'z = ; to prove that the loom of the third vertes 
will be given by the equation 

1, m, n ' 

(ir + mm' + nn7 (x' + y* + z') + 



r, m', n' 
X, y, z 



= 0. 



It may be shewn, by reciprocating the theorem in the last 
article, that the locus will have double contact with the given 
conic along the pole of the intersection of the two given 
straight lines ; hence its equation will be of the form 

I, m, n 



\{a?+y^ + z^'\- 



l\ m'y n 

a?, y, « 







(1). 



and it remains to determine X. 

For this purpose let the straight line la: + my + «« = cut 
the given conic in P, P'. Let The the pole of PJP'. 

Now, suppose one side of the triangle to become the tan- 
gent at P, then the other tangent through P will coincide 
with it, hence the required locus passes through the point of 
intersection of I'x + m'y + n'z = 0, with the tangent at P, and 
also with the tangent at P'. 

Now, the co-ordinates of T are I, m, n, hence these two 
tangents are represented by the equation 

(P + m* + n')(a;» + y' + «*)-(?aj + my + n5:)» = 0.; (2). 

Hence (1) must be satisfied by the values of «?, y, z, which 

satisfy (2), and also make 

I'x + my + nz = 0. 
I, m, n " 
, m, n 



Now 
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P -\-m^ H- n\ W + mm' + nn, Ix -hmy -^n£ 
U + mm' +nn', P +m'* +n", I'x-^-m'y -i-nz 
Ix+my +nz, Vx+m'y +nz, a?' +y' +a* 

which if Ix + m'y + nz = 0, becomes 

1^ ^-rri? + w', Zr + mm' + nn', ic + my + n-? 
Zf+mm' + nn', T+m" + n", 

Za:^ + wiy +71;?, 0, a^ + ^ +a' 

= (P + m» + n')(r + m'»+n'«)(a;« + 2/» + i5«) 

- {P + m" + n'^) [Ix + my + nzy 
= - [W + mTTi' + nn7 {a? + f + z"), if (2) be satisfied. 

Hence, by (1) \— {It + mm' + nny = 0, identically, 
therefore, the equation of the required locus becomes 

I, m, n " 
(Zr + mm' + nn'Y (a:* + y* + «*) + 






= 0. 



TRILINEAR CO-ORDINATES OF THE FOCI OF A CONIC. 

20. The following investigation of the trilinear co-ordi- 
nates of the foci does not introduce the conception of the 
imaginary circular points at infinity, or of imaginary tan- 
gents. 

The trilinear co-ordinates of the focus of the conic 

may be investigated in the following manner. Draw two 
tangents to the conic parallel to a = 0, and lety^, j^ be their 
respective distances from that line. Then, M f, g, h be the 
co-ordinates of a focus, we have 

( /— X) (/« "/) ^ ^^^ square on the semi-axis minor. 
F. VL 
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If the equation of either tangent be 

a (6)8 + C7) = (2 A - aa') a, 

which represents a line parallel to, and at a distance a from 
a = 0, the two values of d obtained by introducing the con- 
dition of tangency, will be ^, f^. Now, the condition of 
tangency is 

= 0. 



0. 


a'a -2A, ha', 


co! 


aa' -2A, 


u, w', 


if 


ha. 


w', V, 


«' 


co!, 


v', «', 


w 



or U (aa' - 2A)' + F(6a7 + W {cay 

+ 2Z7"6a'.ca' + 2rca (aa'- 2A) + 2Tr (oa' -2A) 6a' = 0, 
which may be written 
{Ua*+ 7b»+ W<?+2U'hc-\-2V'oa + 2Wab) a" 

-4A (i/a+ Tri+ Fc) a' + 4A»D'=0. 

Hence, the left-hand member of this equation is idenH- 
edtly equal to 

(J7a»+ F6»+ TFc?' + 2r6c + 2rca + 2Tro6)(a'-/J (a'-/J, 
and therefore the square on the semi-axis minor 

{Ua+Wh+ V'c)f-AU 



«=-/' + 4A 



Ua* + VV +W<? + 2U'hc + 2 V'ca + 2 W'ab * 



Two similar expressions being obtained, we get for the 
determination of the foci, the equations 

{Ua'+Vb'+W<f + 2irbo + 2rca + 2W'ab)/* 

- 4A ( Z7a + W'h + r'c)f+ 4A» U 

~{Ua'+ Vb'+ Wc'-i-2mc + 2V'ca+2Wai)g* 

-4A {Vb+ U'c+ W'a)g + 4,A*r 

= (Ua*+ Vh*+We' + 2U'hc + 2r'ca + 2Wab)h* 

- 4A ( TTo + Ta + Cr6) A + 4A»F 

the same as those obtained in Chap. vi. Art. 33. 



EXAMPLES. 
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MISCELLANEOUS EXAMPLES. 



1 . Prove that the centre of the conic 

— +I-5+ — = 
aa op cy 

coincides "with the centre of gravity of the triangle of reference. 



2. Prove that 



=(aj+y+«)(aj-y-«)(y-«-«)(«-»-y). 



0, 1, 1, 1 

1, 0, «», y* 
1, «•, 0, a" 
1, y-, a^, 

3. Prove that the square on the radius of the circle, de- 
scribed about the triangle of which. the angular points are a, 6, c, 
is 

0, ah% ac^ 
^1 ba\ 0, bc^ 
2 ca\ ch% 



0, 1, 1, 1 

1, 0, ah', ac* 
1, ha\ 0, 6c" 
1, ca', ch\ 

Investigate a similar expression for the square on the radius of 
the sphere, described about the tetrahedron of which the angular 
points are a, b, c, d, 

4. S la a, focus of a conic, FQ a chord subtending a constant 
angle at S; SB, ST are drawn meeting the tangents at F and Q in 
7?, T respectively, so that the angles FSB, QST are constant; 
prove that BT always touches a conic having S for a focus, and a 
directrix in common with the given conic. 
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5. Prove that, if the conic (Za)* + (wijS)* + (wy)* = be a para- 
bola, its focus and directrix are given by the equations 

la mfi __ ny 

la mP ny _^ 

tan A tan B tan C " 

Hence prove that, if a parabola touch three straight lines, its 
directrix always passes through a fixed point. State, in geometri- 
cal language, the position of this point relatively to the three 
straight lines. 

6. A system of parabolas is described so that a given triangle 
is self-conjugate with respect to each curve of the system ; prove 
that the locus of the focus is a circle, that the directrix always 
passes through the centre of the circle described about the tri- 
angle, and that every parabola of the system touches the three 
straight lines which bisect each pair of sides of the triangle. 

7. K P 1)0 any point on the circumference of a circle, any 
fixed point, prove that the locus of the point, in which the tangent 
at P intersects the line which bisects OP at right angles, is a 
straight line. 

8. A rectangular hjrperbola circumscribes a triangle ; shew 
that the loci of the poles of its sides are three straight lines form- 
ing another triangle, whose angular points lie on the sides of the 
fii-st, where they are met by perpendiculars from the opposite an- 
gular points. 

9. If ABC, A'FC be two triangles, each of which is self- 
conjugate with I'egard to the same given conic, shew that another 
conic can be described about both. 

10. If a, )8, y, 8 be the distances of a point from four given 
straight lines, so connected that Za -i- mj3 -r wy +/>8 = 0, prove that, 
if a conic be described, touching these four straight lines, the locus 
of either of its foci will be the curve of the third degree repre- 
sented by the equation 

I in n p ^ 
a ^ y S 
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1 1. Prove that the polar reciprocal of a rectangular hyperbola 
with respect to any point aS', is a conic, the sum of the squares on 
the semi-axes of which is equal to the square on the distance of its 
centre from S, 

1 2. Two given conies are so i*elated that each of their common 
tangents subtends a right angle at a given point. Prove that, if 
any two points be taken, one on each conic, so that the line join- 
ing them also subtends a right angle at that point, the envelope of 
this line will be a conic, of which that point is a focus. 

13. In Example 2, p. 116, prove that if any conic {^) be 
drawn touching the directrices of the four conies, the polar of 
the given point with respect to it will be a tangent to a conic, 
having the given point as focus and touching the sides of the tri- 
angle ; and that the tangents from the given point to A are at 
light angles to each other. 

1 4. If, through a fixed point 0, a straight line bo drawn cut- 
ting the sides AB, AC of a. triangle ABC in P, Q respectively, and 
BQf CF be joined, prove that the locus of their point of intersec- 
tion is a conic circumscribing the triangle ABC. 

1 5. If p„, pft, pg be the semi-diameters of a conic, respectively 
parallel to the sides of the triangle of "reference, prove that the 
area of the conic is 

sin ^ sin j5 sin (7 \ Pa /\ P» / \ Pc / 

, ^^ sin -4 siaB sin (7 
where 2^ = 4- H . 

Pa Pb Pc 

m 

1 6. PQ is the chord of a conic, having its pole on the chord 
AB or AB produced; Qq is drawn parallel to AB meeting the 
conic in q; shew that Fq bisects the chord AB, 

1 7. Similar circular arcs are described on the sides of a tri- 
angle ABC, their convexities being towards the interior of the tri- 
angle ; shew that the locus of the radical centre of the three circles 
is the rectangular hyperbola 

sm(B-C) ^ 8m{C-A) ^ sinjA-B) ^ 
a p y ~ ' 
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18. Prove that, if r be either semi-axis of the curve repre- 
sented by the equation 

wa» + t^jS* + tiT* + 2w'j8y + 2vya + 2«/aj8= 0, 

the values of r will be the roots of the equation' 



a" 



V 



•|w+7- (aw'-6i;'-cti;')ir'-<wcos^ •|t?+— {5i?-cw-cM^')>r'-6«ooB-B 



= 0, 



1 ^ "*" "7 (^ "" ^ " ^') [ r* — <» cos (7 



where 


ahc 

8 — 


Uy Ufy t/ 

w\ V, v! 








u, to', v\ 

v\ u'y w, 
a, b, c, 


a 

b 
c 




19. If a triangle is self-conjugate with respect to each of s 
series of parabolas, the lines joining the middle points of its sides 
will be tangents: all the directrices will pass throagh O, Hhe 
centre of the circumscribing circle : and the focal chords, whicki 
are the polars of 0, will envelope an ellipse inscribed in the given 
triangle which has the nine point circle for its auxiliary circle. 

20. A conic circumscribes a triangle ABC, the tangents at 
the angular points meeting the opposite sides on the straight line 
DJEF. The lines joining any point F on DJSF to A, B and G 
meet the conic again in A\ B", C"; shew that the triangle ABG 
envelopes a fixed conic inscribed in ABC, and having double 
contact with the given conic at the points where they are met by 
DFF, Also the tangents at A', B\ C to the original conic meet 
B'G', CA\ A'B' in points lying on DBF. 

21. The anharmonic ratio of the pencil formed by joining 
a point on one of two conies to their four points of intersection is 
equal to the anharmonic range formed on a tangent to the other 
by their four common tangents. 
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22. If the two pairs of straight lines represented by the equa- 
tions aa? + Ihocy + 6y* = 0, aV + Wosy + 6y = 0, form a harmonic 
pencil, the two straight lines of each pair not being conjugate, 
prove that (ah' + ha - 2AA7 = 36 (oft - W) (alV - K^), 

23. The four common tangents to two conies intersect two 
and two on the sides of their common conjugate triad. 

24. The locus of the centres of conies inscribed in a triangle 
and such that the centres of the escribed circles form a self-con- 
jugate triad with respect to them is a straight line parallel to 
oa + 6)3 + cy = in areal co-ordinates. 

25. A triangle ABC^ right:-angled at Ay is inscribed in a 
rectangular hyperbola : tangents at B and C meet in P : prove 
that AB^ AFy AC and the tangent at A form a harmonic pencil. 

26. AB, CD are two fixed chords of a conic. A straight 
line AFQ meets CD in F and the curve in Qy and on CQ a point 
B is taken so that FB subtends a constant angle at B : the locus 
of B will be a conic passing through B and C. 

27. Conies circumscribing a triangle have a common tangent 
at the vertex ; through this point a straight line is drawn : shew 
that the tangents at the various points where it cuts the curves 
all intersect on the base. 

28. One conic touches OAy OB in A and B, and a second 
conic touches OB, OC in B and C: prove that the other common 
tangents to the two eonics intersect on AC. 

29. With any one of four given points as centre, a conic is 
described, self-conjugate with regard to the other three; prove 
that its asymptotes are parallel to the axes of the two parabolas 
which pass through the four given points. 

30. A rectangular hyperbola passes through the angular 
points, and a parabola touches the sides, of a given triangle; 
shew that the tangents drawn to the parabola, from one of the 
points where the hyperbola cuts the directrix of the parabola, are 
parallel to the asymptotes of the hyperbola. Which of the two 
points on the directrix is to be taken 1 When they coincide, shew 
that either curve is the polar reciprocal of the other with respect 
to the coincident points. 
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31. The triangular coordinates of the two circular points at 
infinity are givei) by the equations 



X 

a 



y 



6€*V-1C C€^V'-1^ • 



32. If each angular point of a triangle be joined with the 
points in which its opposite side is cut by a given conic, the six 
straight lines thus formed wiU be tangents to another conic. 

33. With each of four given straight lines as directrix, two 
conies are described, self-conjugate with regard to the other threes- 
prove that the four pairs of conies thus obtained, will have the 
same pair of points as foci corresponding to the given directrix. 

34. If a triangle be self-conjugate to a rectangular hyperbola 
and any conic be described, touching the sides of the triangle, each 
focus of this conic will lie on the polar of the other with respect to 
the rectangular hyperbola. 

35. If ahc^ deff be two triangles in different planes, prove 
that the product of their areas into the cosine of the inclination of 
their planes is 

0, 1, 1, 1 
1 1, ac?', ae*, q/*', 

T6 \,hd\ he\ hf\ 

1, cd^, ce', c/', 
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